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P R E F ACE. 



The object of the present Treatise is to collect 
and arrange such propositions relative to Differ- 
ential Equations^ as are most important in the 
investigations of Physical or Geometrical Science; 
and it is hoped that it will be found to contain all 
such parts of the subject as usually enter into the 
course of study pursued at this University. 

The demonstrations have been obtained from 
various sources^ and no pains have been spared to 
render them as simple^ and^ at the same time, as 
satisfactory as possible. 

It has been attempted throughout, rather to ex- 
tend general methods of solution, so as to make 
them available with a great number of equations, 
than to exhibit a multitude of particular artifices 
applicable only to particular cases. 

In few subjects, perhaps, are examples more 
necessary to the student than in Differential Equa- 
tions, and, accordingly, a considerable number 
have been introduced ; with a view, however, to 
preserve the continuity of the work, only one ex- 
ample of each sort has been inserted in the text, 
the remainder being arranged in an Appendix, in 
classes corresponding to the natural divisions of 
the subject. 



IV PREFACE. 

With respect to the notation^ both differentials 
and differential coefficients have been used ; and^ 
previous to integration, *an equation has always 
been expressed by means of the former. The 
reasons which induced the Author to retain the. 

old notation ^ fudx, &c. were, first, because he 

believes it to be much more generally used than 
the other, and, secondly, because he was unwilling 
to adopt a system with equations between two 
variables, which he must have relinquished when 
treating total differential equations between three 
variables. 

The notation rf^w, f^n^ &c., appears to deny 
the existence or meaning of a differential, and 
under these circumstances, how is the equation 
Ydx + Qrfy + lUfe = to be expressed ? It is 
true it has been written P + Qjd^y + IWp« == 0, 
but surely this is not reconcileable with either 
system. 

The Author cannot but feel that the task he has 
undertaken is one of no small difficulty ; and while 
he indulges a hope that his labors may not be 
considered altogether futile, he looks forward with 
deference to that frank criticism, which so many in 
this place are well qualified to afford him. 



Oct. 26/A, 1832. 
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PART T. 



ON DIFFERENTIAL EQUATIONS 



BETWEEN TWO VARIABLES. 



CHAPTER I. 



GENERAL PROPERTIES. 

We learn by the Differential Calculus, that constants may be 
eliminated from an equation between x and y, by differentia- 
tion; the result being an equation, which in its most general 
f6rm contains Xy y, and the differential coefficients of y taken 
with respect to x as the independent variable. 
Suppose we have an equation 

(a:, 3^, a, 6, c . . . . 7i) = . . . . (a), 

containing n constants ; then, representing the successive dif- 
ferential coefficients, taken with respect to x by accents, we 
might, by n differentiations, obtain the additional n equations 

/ {po,yy<^yb n), 

¥^K^yy^<^y 6 n); 

which, with the original equation (a), which is called the 

B 
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primitive, would give in all (n + 1) equations, and therefore we 
know, by the rules of algebra, that the n quantities a, 6, c, . . ra 
might be eliminated between them, and the final result would 
be an equation of the form 

which is called a differential equation of the n'^ order, be- 
cause it contains the w'* differential coefficient of y, with 
respect to x. 

The investigations connected with differential equations, 
between two variables, have for their ultimate object the 
finding of the primitive ^{x, jfy a^ b . . . . h) from the 
diflferential equation 



^ {'■ y t 



dy Oty rf«y\ _ 

~'dl^ dx^) -"• 



It is obvious, that to do this n constants should be intro- 
duced, somehow connected with variables, because the primi-- 
tive contained, or at any rate might contain, n constants ; but 
as the particular values of these are not indicated by the dif- 
ferential equation, they are usually styled arbitrary constants, 
although their values may, for the most part, be determined 
from the nature of the problem which gave rise to the dif- 
ferential equation. 

Hence, we may conclude, that every differential equation 
of the n** order between two variables has an integral, 
which, in its most general form, mttst contain n arbitrary 
constants. 

It is evident, that if we had differentiated the function 
i^{x,y,a,b . , , n) only (w— 1) times, we should on the whole 
have obtained n equations, from which we might eliminate 
(n — l) constants, but no more; and since we might eliminate 
which (;? — 1) of the constants we pleased, we should be able 
to obtain n different results, viz : 
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. . . (A), 



from either of which the differential equation 

^ {'■ >.t ■■■%)■■■ '-^^ 

might be obtained by one differentiation, and the elimination 
of the one constant. 

Hence, the n differential equations (A) are called the n 
first integrals of the equation (B), and we conclude that 
every differential equation of the w'* order^ has n first 
integrals, which are differential equations of the (ti—I)** 
order, and each contain one arbitrary constant. 

Although the above reasoning makes it appear that a dif- 
ferential equation of the »** order might be formed from a 
function <li(x,y,a,b . . .n), or from the n differential equations 
(A), the following demonstrations are useful, inasmuch as 
they establish, more directly, that such is the constitution 
of every differential equation of the «'* order between two 
variables. 

.1st. To shew that there is always an integral involving 
n arbitrary constants. 

Suppose y =fx == X be the primitive, if there exist one 
of the differential equation ; then, representing the differential 

coefficients -3-, ^r-^, .... -7-- by X', X" X(»>, we 

dec ^ dai^' dx"" ^ 

have, by Taylor's theorem, 

/(o? + A) = X + X'A + .^-^ + j-2^ + . . . 

X^^-i^A**-' 
• • • + 



1.2.3... («-i) •••• 

and supposing a sdme value of x which does not cause a 
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failure of Taylor's thayrem, we dioidd haTe^ rcptc a c niing the 
particular values of X, X' .... by A, A' ... . 

/(a + A) = A + A'A + ^-^ + j-2-3 + . . . 



1.2.3... (It- 1)"* 
or making the arbitrary quantity h ^= (x— a) 

"-*- 1.2. ..(.1-1) +tenns = K. 

Now if our differential equation be of the n'* order^ all the 
terms = K might be determined^ provided the value of the 
preceding n terms were known^ because, barring the algebraic 
difficulties of the calculations, X^"^,X^"+i) . , . and, consequently, 
A^«>, A^**+^ .... might be found in terms of the differential 
coefficients of orders inferior to the vP^, while the previous n 
quantities A, A' ... . A^""'^ remain arbitrary. 

Hence there always exists some series, such as the above, 
which satisfies the differential equation; and this series, in 
its most general form, contains n arbitrary quantities, which, 
being functions of a, are constants. 

2nd. To shew that there are n integrals, each a dif- 
ferential equation of the (tz— 1)** order y and involving an 
arbitrary constant. 

Take the expansion 

/(or + A) = X + X'A + ^' + ^ . . . 
.'. differentiating with respect to x, 

/'(x + A) = X' + X»^ + ^ 

/"(x + h) = X" + X'7j + 



GENERAL PROPERTIES, 
or, if A = — X 

X'"4r2 



/'O = X' - X'x + 



1.2 

/'0=X"~X'"a'+ 

hence, if our equation were of the third order, we should be 
able to find these three series in terms of X and the differ- 
ential coefficients X', X", provided we knew the three constant 
values of X, X', X", corresponding to :r = in them, (that 
is, the values of/0,/'0,/"0), and these are the three integrals 
of the second order, each involving an arbitrary constant. 

Similarly, if we wrote down n consecutive series instead of 
three, we should shew that the theorem is true for a differ- 
ential equation of the «** order. 



CHAPTER II. 



ON EQUATIONS OF THE FIRST ORDER AND DEGREE. 

Under this head we propose to investigate all such theorems 
as apply exclusively to the above class of equations. 

Sect. 1. EqtLotions which are soluble merely by simple 
analytical artifices without reference to any of fhe theorems 
of differential equations. 

It is evident that if an equation can be put in the form 

Xflte + Yrfy = 0; 

when X and Y are functions of x and y respectively, the in- 
tegral is immediately found by integration, and we have 

/Xrfx +/Yrfy = c, 

c being the arbitrary constant. 

Ex. Suppose we have the equation 

dx 

+ adx-\- 2bydy = 0, 



/' dx 



^ -^fadx Arflbydy = c, 



or, loge (a? + V' 1 + 3?^) + aa: + 6y* = c. 

Equations of the form Xdy + Yda? = 0, are reduced to the 
last case by dividing by XY, when we shall have 

dy dx _ 
Y + 3J-0, 

which may be integrated ; or (if Xj and Yj be functions of 
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X and y respectively, but different from X and Y) we may 
separate the variables in the equation 

XYdlr + X^Yjrfy = 0, 
by dividing by X^Y, which gives us 

^ da: -f Y* rfy = 0, 

an equation which may be integrated in the same manner as 
the first form. 

A differential equation frequently gives rise to an integral 
of a transcendental form, which may sometimes be reduced to 
an algebraic form when the transcendental functions of x and y 
are both of the same sort. 

Ex. 1. Suppose -j_^+-j-^^0, 

.'. integrating Xaxt^x + tan""*y = c, 
then suppose tan c = a, 
.*. tan^'a: + tan~*y = tan~^a ; 

1 — a?y 
is the algebraic integral required. 

Ex.2. ^^ + ^y -0^ 

.*. swr^x + sin""^y = c, 

= sin'^a; 



.\ a = y VI — x^ -{- X V I — y^ 
is the algebraic integral. 

. xdx ydy _ 

• • r^^ ^ I + y« ■" ' 

.*. log. (1 + y^) — log, (I — or*) = c = log, a suppose ; 
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. a - y±^ 

is the algebraic integral. 



•'•''- 1 - x^ 



Ex. 4. adx = ydy — xdy ; 

subtract ady from both sides^ 

.'. a (dx — dy) z=z dy {y — a — x), 

a,(dx — dy) 



a 4- (^x—y) 



— —dy, 



a.log, (a + a: — y) + y = log, c; 
:, eyy. Qa ■{- X — yy = c. 

Sect. 2. On the Equations which satisfy the criterion 
of integrability. 

There is an easy test, whereby we may determine whether 
a differential equation 

Mdx + Nrfy = 

is such as has directly resulted from the differentiation of 
any function of x and y, and this is of much importance as 
we are enabled, when such is the case, to effect its immediate 
integration. 

The reason why all equations are not immediately inte- 
grable, is, that many of them result from the elimination of 
constants, by differentiation and other operations, during 
which some common factor has been omitted ; and, therefore, 
the equation no longer remains the complete differeyitial of 
the primitive which belongs to it. 

If Mdx +- Nrfy = is a complete differential^ then we 

shall have 

dU rfN 

dy ^ dx' 

For suppose Md:r + Nrfy = to be the complete differ- 
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ential of the equation u ^=i c^ where u is some function of x 

and y^ then we should have 

du ,, J du T^T 
T- = M, and -=- = N, 
dx dy 

^ dM. _ d^u , rfN _ d^u 

' ' dy '~ dxdy dx "" dydx ' 

but, by the principles of differential calculus, 

(^ _ ^^^ 
dxdy ~" dydx' 

Therefore, if the equation has resulted directly from the 
differentiation of any function w, we must have 

dy "~ dx^ 

This equation is called the criterion of integrability, which 
it is in one sense of the word, for when a differential equation 
does satisfy this criterion, it is immediately Integrable by a 
very direct process, which we shall presently investigate ; but, 
on the other hand, many equations which do not satisfy it 
may be integrated by other means. 

It is evident, that equations in which the variables are 

separated, satisfy this condition ; for the equation being of the 

form 

Xrfar + Ydy = 0, 

we have ^ = 0, g = 0, 
/. — = .^, which is the condition required. 

To integrate an equation which satisfies the criterion of 
integrability. 

Let Mrfo? + Nrfy = be the equation, and suppose « = c 

to be its primitive, then M is the difierential coefiicient of u 

with respect to x alone, and N with respect to y alone; 

therefore we may integrate the term "i/Ldx with respect to 

X only, remembering that since y is considered constant in 

c 
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this integration, instead of adding a mere constant of inte- 
gration, we must suppose a function of y = Y added. 

Therefore, if/Mdx + Y is the integral, N being the whole 
differential coefficient with respect to y, we have 

N = d/Mdx rfY 
dy ^ dy' 

" ^- \r--d^)' 

is determined. 

Hence the complete integral is 

fMd. +/(N - ^)c/y = c. 

It is evident, that when the given equation is a perfect 

differential, the quantity N — ^ , differentiated with re- 
spect to X, gives 

rfN d d/Mdx __d^___dM 
dx ~' dx dy ~ dx dy^ 

which must = 0, otherwise the criterion would not be ful- 
filled ; therefore, Y is a function not containing x. 

Ex. Let {2axy — y^) dx + (flx^ — ^xy^) dy = 0, 

here -7- = 2aa7 — 3v^ = ^— ; 
dy ^ dx 

therefore the criterion of integrability is satisfied. ' 

To find the integral, we have 

fMdx = aj^y — y^Xy 

.*. -*^-5 — = ax"^ — 3v^a? = N in this case, 
dy ^ 

d/Mdx\ J , , 

■ -i^— J \ay = constant ; 

and, therefore, the integral of the given equation is 

(KX^y — y^x = c. 



•■•/('' 
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When the criterion of integrability is satisfied, the me- 
thod of integration may be modified, so as to become more 
convenient in practice than the above ; for if Mdx + Nrfy 
= be the differential equation, we have 

the integral = fMdx + Y, 
or =^fHdy + X, 
where Y cannot contain a?, and X cannot contain y ; therefore, 
if we find /Mdx and yNrfy, the fimctions Y and X will be 
determined. 

An eicample will make this easily understood. Suppose 
we have 

it easily appears that the criterion of integrability is satis- 
fied. 
Then, integral 

= /mix + Y = a /y^ + ar^ - tsixr^^ + Y^ 

= fNdy + X = a Vy^^o^ - tan-'^ + hy^ + X, 

and these are identical ; 

/. X = 0, Y = fty3; 

therefore, the integral is a Vy* + x^ — tan~^ + by^ = c. 

SecT. 3. On factors which render differential eqiuitiom 
integrahle. 

We have observed above, that many diflferential equations 
fail to satisfy the criterion of integrability, in consequence of 
the omission of some common factor, which would exist if 
the equations had been obtained directly from their primitives 
by dififerentation. 

Thus, the equation 

(a cx^ J, b J r. 
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evidently does not satisfy the criterion^ but if we multiply 
by oc^ y*, it becomes 

(ew?*"*y* — c?ar"*+«) dx + by^~^ a?* rfy = 0, 

and -T- = abaf^~^y^-^ ; --7- = aby^'^ x^^; 

therefore^ the criterion is now satisfied^ and the equation 
becomes immediately integrable. 

When the integrating factor is of so simple a form as the 
above, it may generally be discovered by inspection, but there 
are some general theorems respecting these factors which 
lead to their discovery in other more complicated cases, and 
which we shall proceed to investigate. 

There exist always an infinite number of factors , which 
will render any given differential equation of the first 
order integrable. 

1st. There will always exist one factor, &c. 

For, let the equation be put in the form 

and since there must be some primitive belonging to it, sup- 
pose that primitive to be represented by F (a;, y) = a ; where 
a is a constant which has disappeared in the differentiation. 

Then differentiating, and representing by F'a? the dif- 
ferential coefficient with respect to j7, and Vt/ that with 
respect to ^, we have 

which is a complete differential; or, dividing by F'^, we have 

which, as it arises from the same primitive, and is of the 
same form as the given equation, must be identical with it ; 

.'. ^ + p| = is identical with ^ + f{x, j/) = 0, 
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and the latter is a complete differential^ therefore the former 
is so likewise ; and since the equation always has a primitive^ 
there always exists some quantity Fy, which will make it a 
perfect differential.* 

2nd. There will be an infinite number of such factors. 
For if fi be the one factor which we have shewn always to 
exists 

then fi . f-^ +/(^^y)) is a complete differential, 

= rfw, suppose, 

is always a complete differential. 

Hence fi<^u is a factor, which renders the equation a per- 
fect differential whatever the form of ^t^ may be, and fu may 
have an infinite number of forms ; and, therefore, there are an 
infinite number of factors which satisfy the conditions. 



* By similar reasoning, it is shewn that there always exists an integrating 
fector for an equation of the n<* order. For, suppose the equation put in the 
form 

S +K'' «'• I •• • SS) = O'-'^S-"^ = "' 

and suppose its integral to he 

This differentiated, gives an equation of the form 

d^u 

(« and u, heing functions of x, y, and the differential coefficients of orders 
inferior to the n'*). 
Then, dividing hy u, 

^ + ^ = is identical with ?^ + U = 0, 
ox* u dx* 

• u —^ + m =0 u — ^ + ttU = ; 

• • dx^ rf«* 

therefore, u represents the integrating factor which always exists. 
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Cor. If the integral of a given differential equation is 
known^ an infinite number of integrating factors may be de- 
termined ; for suppose u the function of x and y, which is 
the integral, and /i the integrating factor, 

then fiMda: + fiUdy = du 

is identical with 

du J du J J 

-dx + ^dy =du} 

therefore, comparing these, the value of fj. may be found, and 
since u is known, an infinite number of factors included in the 
form fjui>u may be determined. 

To investigate an eqtiation from which the integrating 
factor mm/y in certain ca^sesy be determined. 

Suppose M.dx + Nrfy = the differential equation, and 
let f( be the factor required to make it a complete differential ; 
then ijlMdx + ^iSdy = 0, being complete, must satisfy the 
criterion of integrability; 

dy "~ dx ^ 
dM j.jr dfA rfN . T^T ^A* 

which is the equation required. 

The factor can be determined from the above, if fi is a func- 
tion of X only. 

For, then -^ = 0, and the equation becomes 

dM dN T^d/x 

^l^^^li-^^Tx' 

\dy dxj "" dx' 

dfi ^ dx cdM. dN-\ 
•'• 7" "" N' \dy "" dxr 
, /*dx fdM. rfNi 
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Pdx (dM. rfN) 

Similarly, if fi were a function of y alone, we should have 



Ex. 1. The equation dy + (Py —Q^dx = 0, called 
the linear equation, in which P and Q are functions of x 
alone, forms a simple example of the case in which the in- 
tegrating factor is a function of x only ; for we find 

dy dx "" ' 
and N == 1; therefore, the integrating factor will bee-^'"- 
Hence, multiplying the equation by it 

eJ^'^ dy + e^" Pydx = e^^ Qdx; 

the first side is evidently the differential of t/. er^^ and the 
second is a function without y\ 

is the integral of the proposed equation, where c represents 
the whole constant arising from the integration of Vdx, as 
well as of Qe*' ^^ dx. 

Ex. 2. § ^^ + («r ~|) rfy = 0; 

here we find the quantity 
yndfy rdM rfM^ ( a^dy j2 1\ rdy . 

fix. 
.'. the factor = e » = y; ^ 

then multiplying by this factor, the equation becomes 

^dx+ (ayH-i -'^)dy^ 0, 

which satisfies the criterion of integrability, and gives the 

integral 

ay*H-2 ^ y2 

w + 2 "^ ^ "^ ^* 
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On the inverse problem of factors. 

The above investigations have for their object the finding 
such factors as may render particular classes of equations 
integrable, while the inverse problem consists in finding the 
nature of such differential equations as may be made in- 
tegrable by a factor of an assumed form. Little practical 
good has as yet resulted from the labours of analysts on this 
point, and we shall not therefore devote much time to it. 

Any eqtuition being represented by Mdx + Nrfy = 0; to 
find the nature of such equations as may be made inte- 
grable by a factor of the form ^jtj: ^r^- . 

Smce the equation -jnr — .jq = 

is to be an exact differential, we must have 

_rf / M \ __ d^ / N \ 

dy \M.x + Ny/ "~ da; xMoc + "NyJ ' 

or, assuming N = rM, when r is a function of x and y, the 

equation becomes 

dr dr ^ 

or, representing the partial differential coefficients of r, by m 

and 72, 

mx + wy = . ... (1), 

and dr = mdx + ndy, 

___ dr — mdx 

• • " ~ dy ' 

therefore, substituting this value of n in (1), we have 

dr — mdx ^ 

"^+y'—d^ — =^' 

- , /ydx — xdi/\ 
whence dr =: my . ( ^ ^ ^ j 

= rnyd.(p 
and this must be a complete differential. 
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thatis,g = F(^; 

or, N and M must be of such a nature that their quotient 
may be of no dimensions in x and y ; therefore, the functions 
N and M must be homogeneous with respect to x and y. 

To assign the form of the indeterminate functions of x 
X and Xp in the equation liydx + Xjrfa? + ydy = 0, in 
order that it may become integrate when multiplied by the 

Represent the factor by /x ; then the general equation for 
finding the integrating factor, is 

dy dx \dx dyj'^' 

and, in this case, it becomes 

1 . dfi^ n tdfi nfx 

then, substituting these values in the last equation, it gives 

us 

K«^l) X^nfx] y + nX'-Xfx = 0, 

and since this must hold, independently of the value of y, 

we have for determining X and X, the two equations 

(»-l)X— w/'a? = 0^ 

nX'-X/ar=:0/' 

Sect. 4. On homogeneous Equations. 

A difierential equation is said to be homogeneous when 
the sum of the indices of the variables in each term is the 
same. 

D 
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Thus, if in the equation 

/? + 7 = r + ^, 
the equation is homogeneous; or, if the equation be 

and p •— q :=z r — $y the equation is homogeneous. * 

To find generally the factor which will render a homage- 
neotis equation integrable. 

Let Mdx 4- Ndj^ = be the differential equation, and sup- 
pose u z=zf{Xy y) the primitive, and fi the integrating factor. 
Then, because the differential is homogeneous, the primitive 
must be so also, when the arbitrary constant is supposed to 
vanish, and we may represent its dimensions by m; again, u 
being homogeneous, may be put in the form 

and, therefore, if x becomes (I + a)x, y must become 
(^ + a)y, and u will become (1 + a)** w; therefore, by the 
expansion of a function of two variables, we have 

., N« du du 

+ terms of a^ a^, 

/. u + mtui 4- . . . . = w + M/iaa? + Njuoy + . . . . 

Therefore, equating coefficients of like powers of a, since 
that quantity is indeterminate, 

we have mu = /uMa: + /uNy ; 
but du = ixMidx + fj^dyy 
du _ Mdx -f Ne/y 
mu "" Mx + Ny 

Now the first side is always a complete differential, and there- 
fore the second side is so also, and hence we s6e that ^ — TTW 
is the required factor. 
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Cor. From the above, it appears that if the equation 
Vds + Qjdy = be homogeneous, and also a complete 
differential, its integral may be immediately obtained. 

For, if u be the integral, and n the dimensions of the 
differential equation in x and y, 

(n + 1) M = Pa; + Qy; 
. Par + Qy _ ^ 

is the complete integral. 

Ex. The equation {od^y + y^) dx — 2xy^dy = 0, has 
for the integrating factor 

1 1 

• 

x^y + xy^ — 2xy^ "" x^y •— xy^ ' 
therefore, multiplying by this factor, it becomes 

X x^ — y^ x^ — y^^ 

and we shall easily perceive that this equation satisfies the 
criterion of integrabiUty, 

fnr ^ - 1 (^"-y^)2y + (^^ + y^)2y 

dy - x' (x'-fr 
1 Axh/ 4xy 

"■ i ' (o^ - yy ^ ix^- yY 

-^ . ■ N - ^y > 

'^ dx' • ^^ - x^-f' 
therefore the equation is integrable by the method investigated 
in page 10. ^ 

TTiere is, however, a general method of solving homo- 
geneous equations mthout investigating the integrating 
/actor. 

Suppose m be the sum of the indices of the variables in 
each term of the given equation ; then, dividing the whole by 
x^ or by y^, it will take the form 



/(|)rfx + ,(|)rfy=0. 



20 EQUATIONS OF THE FIRST ORDER AND DEGREE. 

respectively. 
Supposing the fonner case assume 

^ = ». 

X 

.\ y z=z xz aad dy = xdz + %da; 

also^ dividing the whole equation by ^ f^j, we shall put it in 

the' form 

dy + F(2)£to = 0, 

and substituting the value of dy, we have 

xdz + zdx + ¥(ji)dx = 0, 



• • 



andj in this equation^ the variables being separated^ we may 
integrate^ after which we must substitute the valued for z. 

X 

Similarly^ if we had divided by y*, the equation would 
become soluble by putting '^ = jit. 

Inspection of the given equation, and a little practice, will 
generally teach us which plan is to be preferred in any 
particular case* 



Ex. 1. orify — (y + ^x^ + y^)dx — 0, 

then putting ^ :=^ z, y =z xz^ 

X 

/. dy = xdz + zdx ; 
and making these substitutions in the equation, it gives 

xdz — V^l + z^ flte = 0, 
• ^g dx ^ 
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.-. log, (2 + v^l + ^a — log, X = log, c 



r+j/l + «^ _ ^ 

— Cj 

X 



which, putting - for 2, gives 



y 4, v/a?a + ya _ ^ 

'^— — i^_ C7» 



ar2 



Ex, 2. a?rfy - {y + y log, (|)}^^ = 0, 
put £ = «, and the equation will become 



X 

dx dz 



X z . log, z * 
/. log, a? + log,c == log, (log, z), 
/. ex = log, «, 
.-. z = e«^ 
y = xeP"^. 

Wefrequentlff meet with equations which, although not 
homogeneous, are easily made so by proper substitutions. 

Ex. Let the equation be 

(flx + 6y + c) rfy + (mx + ny + p)dx = 0, 

which is not homogeneous, 

assume ax + by + c = z, /• adz + bdy = dz, 
. . mx + ny +p :=z t, .'. mdx + ndy = dt; 

hence, eliminating first dy and then dx, we have, from these 

two equations, 

ndz-- bdt 



dx = 



dy = 



na — mb* 

adt — mdz 
na — mb 



therefore, (»nitting the common factor •», our equation 

na — mo 

gives us 

z{adt — mrf^f) + t (ndz — 6rfO = 0, 



22 EQUATIONS OF THE FIRST ORDER AND DBGRE8. 

or Qaz — bt) dt + (nt — mz) cfe = 0, 
which is homogeneous, and may be solved by the general 
method. 

The above process fails when na = mb, for then we see 
that the values of dx and dy found above would become 
infinite, which indicates that the course we have pursued is 
not applicable to the case in question; and, although the 

factor T is common to the whole equation, and there- 

fore may be leH; out, still if we proceed in this manner with 
the equation in which na = mb, our final result, instead 
of being a function of x and y, would be the identical equation, 
constant = c. 

To solve the equation in this case, we have to observe that 
na 

/. (-7- * + wy + p\dx + (jax + by + c')dy =: 0, 

or bcdy + bpdx + (ax + by) (bdy + ndx^ = ; 

then, assuming ax '\- by ■= Zy 

1 t 1 « •? dz — ci/dx 
adx 4- bdy = dz, /. dy = g ; 

and substituting, we have 

cdz — cadx + bpdx + z.(dz — adx -f ndx) = 0, 

or dx |(^^ — a)a + (bp — ca)l dx + (c + z) dz = 0, 

. ^ (c + z) dz ^ 

/. dx + , \ L = 0, 

(ji — a) z + op-^ ca ' 

which is an equation in which the variables are separated, and 
therefore it may be integrated. 

» 

The solution of the equation dy + (ay^ + bx^) dx = 0, 
may, under certain conditions, be reduced to the solution of a 
homogeneous equation, or of one in which the variables are 
immediately separable. 
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If w = 0, it becomes 

dx 4- 






in which the variables are separated. 
But if wi be not = 0, assume 

y ~ -2 -^ ax' 



x* 



.\ dy == 



xdz — 2zdx 



X' 



dx 



and substituting these values in the given equation, it becomes 

a^dz + az^dx + bx'"'^ dx = 0. 

If in this m = — 2, it is homogeneous ; and if m = — 4, 
the variables may be immediately separated by dividing the 
whole equation by x^ (az^ + 6). 

If, however, m have not either of the above values, we must 
again transform our equation, by assuming 



5j = - and x"^^ = u, 

V 



and putting n for — 
a' for 
and b' for — 



/» + 3 

b 
w + 4 

a 



(«), 



7/1 + 3 

our transformed equation becomes 

dt + (a!^ + 6'm«) du = 0; 
and this being similar to the original equation, may be inte- 
grated if w = — 2, or r/ =: — 4. 

If n be not = — - 2, nor = — 4, by continually repeat- 
ing the same transformation as the last, the equation may 
successively be reduced to a series of equations of the same 
form as the given one, and in which the exponent of the 
variable becomes successively equal to 

w + 4 _^ 3m + 8 _^ 5m 4- 12 __ 7m + 16 
- ^T+S' "" 2m + 5' "" 3m + 17' 4m + 9 ' ' ' * 
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We can only arrive at the solution of the equation by the 
above method when some one of these quantities is either 

= 0, or = — 2, or = — 4, that is, when m is a number of 

^ 4o 
the form ^ _ p p being any positive integer. 

If the transformation y = ~, a?**+^ = u had been made in 

the given equation at once, the same process would shew that 
the integration could only be effected if m were of the form 

2p + r 

Hence, ^r*f, if ;n be of the form ^ _j , we must proceed as 

— 4p 
above; secondly , if mbeof the form g — -j-rwemustcommence 

at once with the substitutions (a), and proceed as there 
directed. 

The above is usually called Riccat^s equation, because its 
properties were first investigated by that mathematician. 

Sect. 5. On Eqtmtions which are reducible to the form of 
the linear equation of the first order. 

An equation is called linear when it involves only the first 
power of y and its difierential coefficients, the other quantities 
being functions of j:, and constants; when the first differential 
coefficient only is involved, the equation is called the linear 
equation of the first order. 

The general form of this equation is 

dy + Vydx = Q^Kr, 

where P and Q are functions not contaming j^; its solution has 
already been effected in page (15) by means of the integra- 

ting factor, which we found to be cr *; and this, perhaps, is 
the best process that can be employed. There is, however, 
another which it may not be amiss to give here, as it is also 
applicable to linear equations of the second order. 
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In the equation dy + Vydx = Otdoc^ 

assume y -==. uz^ 

/. fl^ = udz + %du; 
therefore, substituting^ we have 

udz + zdu + Fzuda: = Qdx; 
and since there are tm> indeterminate quantities^ z and u, 
concemiBg which we have only made one supposition, we are 
at liberty to make another; and, therefore, we may assume 
than siich^ that the whole coefficient of z in the above shall 
equal nothing. This supposition gives us the two equations 

T?tuix +. rfw = 0, 

udz == Qdx. 

From the first we have u = e""*^^^^, 

and froDi the second z :=z c ^fi Qdx; 

/. y = e'J^''''. le +/eO'^''Qdxl ; 
which is &e same restdt that was obtained in page 15, 

In the following example of the linear equation we apply 
the method previously deduced, because it is generally the 
neatest in practice. 

Ex. (1 — x^) dy 4- xydx = adxy 

J X , adx 

gives dy + J— ^ ydx = j-—; 

Here /Fife ^.f^^^ = log -r -i— 

J l-x* ^'Vl~x»' 

therefore the integrating factor = e = and the 

V^l-x^ 
equation, when multiplied by the factor, gives 

dy X adx 

t/rr^ + (1 - afi)i y^^"" ^ (TT^r 

y ax 

or y = a^ + c V\ — x^, 

E 
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We not unfrequently meet with equations of the form 

dx + ^Rxdy = Srfy, 
where R and S are functions of y not containing x^ and this is 
a linear equation only with x in place of y^ and vice versa ; 
and although x has hitherto been considered the independent 
variable^ still as the differential coefficients in the above do not 
rise above the first order^ we roay^ without making any altera- 
tion in the equation^ consider y as the independent variable^ 
and proceed with the integration precisely as in the last case^ 
when we shall find for the integral 

X = e-f^'\c +f€S^^^ Sdy]. 

There is an important class of differential equations which 

are reducible to the form of the linear equation by a very 

simple substitut^n ; these are included in the>form 

I J/^dy + Py"+*rf^ = Qdx, \ 

where the dimensions of y in the second term is greater by 

unity than in the first; to reduce the equation to the proposed 

form^ assume 

y»+^ = u, 

.'. (ji -f 1) y^dy = dUy 

Substituting this value in the equation^ and multiplying by 
(w 4- 1), we have 

du -i- (n -{■ 1) Pudx = (w + 1) Qdx, 
which is a linear equation of the first order between u and x. 
It is scarce necessary to observe that the equation 

x'^dx + Rr'^+Wy = Sdy 
may be solved by similar means. 

Ex. 1. y^dy +y^dx = axdxy 

assume y^ = u, 
.*. 3i/^dy = du; 
therefore, substituting, we have 

du + Sttdx = 3axdx, 
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which is a linear equation^ the integral of which is 

3xu = 3ax^ + 3c, 

or v^ = o^ -i — . 

The method of solution applies equally when the indices of 
y are negative^ provided the index in the second term be 
greater by unity than that in the first. 



Ex. 2. -^ -f -£ = xdx, 



1 

assume u = -s-; 

y 

therefore, substituting du — 2itdx = — 2xdx, which is linear, 
and may be integrated. 

Similarly, when the indices are fractional. 

Ex. 3. ^ + ^/y ^^ = xdjp, 

y/y V — 01^ 

assnme u = y/y^ 

• • '^^ + 2(1-^) '^ = -g-- 
This is a linear equation, and integrating it, we find 



CHAPTER III. 



ON SINGULAR OR PARTICULAR SOLUTIONS. 

The present chapter is devoted to this branch of the subject, 
because equations of a degree superior to the first generally 
admit of singular »olutioiiSy and therefore some knowledge of 
these is necessary to enable the student to proceed to tiae inte- 
gration of such equatk)ci& 

To explain the nature of singular solutions, and shew 
how to obtain them from the complete primitive. 

We have hitherto taken for granted^ whenever a function 
f(x,y) satisfies a given differential equation of the first order, 
that on adding a constant of integration, it is to be considered 
as the complete integral. This, however, is not always the 
case, as we sometimes meet with a function of x andy, the 
differential of which coincides with the proposed equation, 
while the function itself neither coincides with, nor is con- 
tained in the complete or general integral. 

Such a function then, inasmuch as it satisfies the differen- 
tial equation, must be considered a solution of it, but as it is 
not the species of solution which is generally the object of in- 
vestigation, or even one of which all differential equations are 
susceptible, it is called a particular or singular solution. 

To shew how this may happen, let us suppose the complete 
primitive to have been V = 0, where V is a function of or and y 
containing a constant c; then ihe differential equation will be 
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Off if we suppose for an inslant that c were variable also, the 
differential equation would be 

and any supposition that would make the third term of this 

bst vanish, would laake it ooindde with the equation (a); 

dV 
and, therefore, if by equating — to aero, we find a value of c 

in terms of x and y, this value of c substituted in V ?= 0, will 
give us an equation between nc and y, V, = 0, which, although 
not contained in the form V = 0, will give the same differen- 
tial equation. 

Hence V, = 0, is a singular solution of equation (a), and 
we see that generally if the complete primitive be such 

rfV 

that the assumption ^ = would give us a value of c in 

terms of x and ^, the differential equation will admit of a 
singular solution. 

Similarly, if V = be a function containing two or more 
constants, the elimination of each of these constants, according 
to the above conditions, will give singular solutions. 

Ex. Take the ^oation 



(which is the complete primitive of the differential equation 

xdx + (y — V'^* + y* — o*) dy = 0). 
Squaring both sides, we have the equation 

ar* — 2cy — c^— a* = 0; 
therefore, differentiating with reject to c, we liave 

and equating this to nothing, it gives us 

c = — y; 
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therefore^ substituting this value for c in the complete primi- 
tive^ we shall have the singular solution^ which is 

^« + y« — a« =r 0. 

If Y = be a singular solution of a differential equa- 

dc dc 
tion, and if the values of -r- and -y- be found from the 

complete primitive y then the relation expressed by\ ^=^ 

will make t- and -=- infinite, 
dx dy *' 

For we have^ from equation V = 0, 

dx dc dx dy dc dy 

rfV dV 
then neither y— nor -i— are generally equal to zero; there - 

i. ..y dW dc dV dc , 

tore, neither — — ^ nor -r j- can equal zero. 

dc dx dc dy ^ 

rfV 
ButifV = is a singular solution, — is equal to zero; 

ac 

therefore the other factors must equal infinity. 

.*. -J- =^ infinity, and -j- = infinity. 

Cor. Hence we may sometimes find singular solutions 
from the <;omplete primitive by investigating the conditions 

dc dc 

under which -j- and -r- become infinite. 

dx dy 

Ex. Let c^ + 2cy = x* + y^ be the complete primitive ; 

.\c + y=z± ^x^ + 2y\ 

• ^ . 1 ^ ^ % 

* ' dy ~ Vx^ + 2y ' 

Now this will equal infinity if x"^ -f 2y^ = 0; and j?' + 2y^ 
= is precisely the equation we should have found by elimi- 
nating c by the first process, that is, it is a singular solution. 
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Having given a relation y = X, which satisfies a pro- 
posed differential eqtuition of the first order, to determine 
whether or not it is a singular solution. 

Suppose y =z QL + z) to be the complete solution where z 
is a quantity containing an arbitrary constant c, and may con- 
tain X. Now z may vanish^ and therefore y == X satisfy the 
given diiierential equation on two suppositions; first, by sup- 
posing c to have some particular constant value^ in which case 
y = X is merely a particular integral; and^ secondly, by 
giving c some value in terms of x, in which case j^ = X is a 
singular or particular solution. 

Let the proposed differential equation be put in the form 

^ - p = 0, where p =^fix,y), 

then -^ = /(^,X), 

, rf (X + 0) rfX . dz J., ,„ . . , 

«"*^ dx ' ""' Tx^dx =-^^^' ^ + ^)^' 
then, supposing this expanded by some algebraic means, we 
should have 

where P and Q are functions of x and the indices w, w, . . . . 

are in order of magnitude, m being the least ; 

dz 
/. 3^ = P2:« + Q2;» + . . . . 
ax 

Now, since z may vanish, it may also become so small that 

all terms after the first may be neglected, and this being the 

case, 

z-'^dz — Vdx, 

1 — w ^ 

then, if m = I, when z vanishes c + JVdx = Qo, /. c = oo, 

if w > 1, c 4-/Prfir= 00, .'. c=: 00, 

butifw<l, c+/Pflte = 0; 

/. c = — f2dx; 
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therefore, in the two first cases, X = is only a particular 
integral, because the supposition of z vanishing only ^Tes 
c ■=.00, but in the last case, the supposition of z Tanishing 
gives c = function of x; therefore j/ = X is a singular 
solution. 

Hence, to find whether y = X is a particuhir integral or a 
singular solution, put the differential equation in the form 

in this function y(ar,y) put X + sr for y, where z is indetermi*- 
nate, and expand the resulting function /|a?, (X + %)l in a 
series ascending by powers of z (by some algebraic process); 
then, if the least power of z is equal or greater than unity 
y = X is a particular integral ; but if there be a power of z 
less than unity, y = X is a singular solution. 

CoR. We may hence deduce a method of finding singu- 
lar solutions from differential equations. For, since the first 

power of z in the development of y|ar, (K + z)] = -^ — ^--y- 

is fractional, Taylor* s theorem would fail in the first term of 
the development of this quantity, which is jp + ^p varying 

dependently upon a variati(M of y; therefore -^ must = infi- 
nity ; therefore, having obtained the value of -^ from the dif- 

dy 

ferential equation, the conditions that make this infinite will 
give us a singular solution, provided the result satisfies the 
differential equation. 

Ex. The equation 

is satisfied by the integral y = x'^; to find whether or not 
this is a singular solution. 
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We have, from the equation, 

therefore, putting x^ — z for y, we get 

Pj = 2x±2z^; 
therefore, the first exponent of z being less than unity, y =z x^ 
is a singular solution. 

We have in the above, taken z with a negative sign, merely 
to avoid the appearance of an impossible quantity; it is 
evident, since z is indeterminate, we are at liberty to consider 
it either positive or negative, at pleasure. 

Ex. Given a solution y = a?, which satisfies the equa- 
tion a^dy + (y^ — a?y — a') (ia? = 0, to find whether or not 
it is a singular solution. 

From the differential equation, we have 

therefore, putting a? + j» for the value of y instead of a?, we get 

, X. (ar + g) - (a: + g^ 

__ - xz ^ 

- ^"""^"^^ 

which (involving no power of z less than the simple power) 
shews us that the solution y = a? is wo^ a singular solution. 

It is, therefore, a particular integral corresponding to an 
infinite value of the constant, and by means of it we may find 
the complete integral, as follows: 

we have J^ = 1 4 ^ » ^ ; 
ax a* 

.*. assume y = ar -4 — , 

V 

, dy ___ , a^ dv 
' ' dx '~ v^ dx' 
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then, substituting these values, we obtain the equation 

c^ dv __a^ X 
IT^ 5^ ~ ^ "^ r' 

rfv _ . vx 
this is a linear equation, which gives 

V = C2a«. \c 4-/<?"2a» dx\ , 

a2«"2a« 



/. y = a: + 



X 



3 



c ■\-fe'Ja?dx 
is the general solution, which evidently becomes y ■=. x, when 

C = 00. 

It is important to observe the method by which we have 
deduced the complete primitive from its particular value, 
corresponding to c = infinity; as, in many cases, we are able 
by attentive observation of an equation to discover a value of 
y, X suppose, which satisfies it, but which, as in the above 
example, does not turn out to be a singular solution. 

1 

In these cases, if we assume ^ = X -| — , and substitute 

this quantity and its differential coefficients, we shall have an 
equation from which an expression for v involving an arbitrary 
constant may generally be determined. 

As an example of the method of finding singular solutions 
of a difiTerential equation without previous knowledge of the 
complete primitive; suppose we have 

;> V + %^^ — y = 0, 

where p = -^ . 
Then, differentiating so as to find -^ and ^, 
we have 2/) -^. ?/ + 2p + 2x ^ = 0; 
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• ^ = /> . 

t y dx py-{-x' 

. ... dp 1 — - ©2 

similarly, -f- = ^ : 

dy py + x 

and both these will equal infinity, if 

py + x = 0, 

that is, if 2> = ; 

y 

and, substituting this value in the given differential equation, 

we obtain 

x^ + y^ = 0; 

which, as it satisfies the differential equation, and involves no 
constant, is a singular solution of it. 

ilf . Poisson has shewn that a differential equation may be 
so prepared, as not to admit of singular solutions. 

Tjf y = X Je a singular solution of the equation -M- = 
f{Xjy), and m he the least index of z in the expansion of 

^ , , page 31; then, if the equation be divided by 

(y — X)"*, it will no longer admit of the singular solution 
in question. 

For, putting X + 2: for y in the value of -j- , and expanding 
as in page 31, we get 

where m is less than unity, -.* y = X is a singular solution. 

dX 
Again, since y = X satisfies the equation -r- = /(a:,X), 

dz 

.'.:=-=: Par* + Q5?* + . . . . 
dx 

dz 

org = P(y-Xr + Q(y-X)»+ 

and this equation becomes identical, when y = X or 2r = 0; 
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but, if we divide by z^^ we get 

which equation is no longer satisfied by the supposition « = O; 
or, in other words, the differential equation divided by 
(y — X)"* no longer admits of the singular solution y = X. 

Ex. 1. The equation (^)*- 4ar (^) + 4y = 0, has for 

its singular solution y = or*, and the value of w in the required 
expansion is found to be J; therefore, if the equation be 
divided by (a?^ — y) J, we shall find that it no longer admits of 
the singular solution. 

For the equation may be put in the form 

/?* — 4a?p + \x^ = \x^ — 4y ; 

/./> — 2ar = 2/x« — y; 
therefore, dividing by the above, we have the equation 

y_fc— — =— At% 

Vx^ — y 
which is no longer satisfied by y = a:*, but gives the integral 

2x + 2 y/x^^y = c. 

Ex. 2. The equation ^dx + (y — V s?' + y^ — a^) rfy = 
is satisfied by the supposition ar^ + y^ — a^ = 0, which is 
equivalent to the two singular solution 

y = -/o^z:;^, 

and y = -— v^^TT^; 
therefore, to deprive the equation of these, we must divide it 
by (y - V^a* - ar«)» x (y + /a* - a;^)^ 

But it is evident that the difference of sign <rf the radical 
cannot alter the value of m; therefore rd == m, and the quan- 
tity by which our equation should be divided, is (a;* + y* — (^T. 

To find the value of rriy we have 

. ^ X 

dx ■ -/ar^ 4- y2 — a^—y' 



ON SINGULAR OR PARTICULAR SOLUTIONS. 37 



therefore, putting z + v^a^ — a? for y, we get 

which, expanded according to powers of 2?, gives 

X ^2z 

^1 ■" i/a^ «, x^ "•■ (a3- a;2)l ' ' ' 
hence the value of m is J, and the equation is to be divided 

by \^x^ + y^ —c^i when it will become 

xdx + ydy __ , 

which is no longer satisfied by either of the singular solutions 
in question. 

If y •^H.he a singular solution of the equation Mdx 
+ Nrfy = 0, and if fi be the factor which makes this egtm- 
tion a complete differential; when X is put for y in the 
quantity /li, /i toill become infinite. 

For, suppose V = to be the complete primitive ; then, 
since y = X is a singular solution, it will not satisfy the 
equation V == j therefore, it will not satisfy the equation 

or, which is the same thing, it will not satisfy the equation 

n. (Mdx + Ndy) = (o). 

But, when X is put for y, it does make Mdx + Ndy = 0; 
therefore, it must make fi infinite, or else the equation (a) 
would be satisfied also. 

CoR. The above property of the singular solution has 
suggested a method of finding the integrating factor for a 
dififerential equation from the knowledge of its singular solutions. 

We shall not occupy much time about this method, which 
has not proved very successful, but will refer the reader who 
is curious about it, to Lacroix*s large work on the Differential 
and Integral Calculus, vol. ii, page 405. 



38 ON SINGULAR OR PARTICULAR SOLUTIONS. 

The following examples will suflSciently shew the nature of 
the investigation. 

Ex, L xdx + (y — Vx^ + y^ — a^) dy = 
has a singular solution, which is ^r* + y* — a^ = ; therefore 
assume the integrating factor to be {jjc^ + y* — a^)", and 
multiplying our equation, would become 

{oi^A^tP'—cP'Y.xdxAr |y(a:«-fy2--a2)n_(^^ya_^a)n+ij^y--, q, 

and applying the criterion of integrability, we find that we 
ought to have 

2nxy {x^ + y^—clFf^ = 2nxy (a^+y«— a^)*-!— 2(w+i)(^«+ya— a2)«-i 
and this evidently will be the case if « = — J, but not other- 
wise. 

Hence — r======== is the integrating factor, ai^^. our 

r X "T" y ^~" o 

equation is reduced to the form 

xdx-\-ydy _ 
Vx^ + y* - o« ^' 
which is integrable, and gives 

Ex. 2, (a* - a?«) ^ + a-y = ay/a^ ^ y^ ^ a^ has a sin- 
gular solution a^ 4- y* — o* = 0, and Is, moreover, satisfied by 
the supposition that a;^ — a* = 0; 
therefore, assume the required factor to be 

(a^ — a«)"» (^x^ + y* — a^y, 
and proceeding as in the last case, we shall find 

1 ^_ 

for the required factor ; and, by means of it, our equation 
becomes 

^y »Y ^y i—\dx=o 

which, it is easily seen, satisfies the criterion of integrability. 
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The curve represented by the singular solution^ is^ the 
locus of the ultimate intersections of all the curves included 
in the complete integral, and touches them all. 

The constant c being arbitrary, we may suppose the com- 
plete integral to represent an infinity of curves differing from 
each other only in the parameter c, which takes successive 
values indefinitely near each other. 

Now the singular solution results from the elimination of c 
between the complete primitive 

V = 0=/(^,y,c), 

and ^ = ^ (^, y, c,) =0; 

also, the co-ordinates of intersection of any two of the curves 
corresponding to the values c and (c + Sc) of c, must satisfy 
simultaneously the equations 

fdx, y, c) = V = 0, 
and fix, y, (c + ^c)} = ; 
that is, they must satisfy the equations 

v = o, 

andV + ^Sc+^y+.... 
therefore, these co-ordinates must satisfy the equation 

dc ^ rfc« 1.2 ^ .... - u, 
or, in the limit, since the values of c are consecutive, they must 
satisfy the equation 

S = ». 

dc 
as well as V = 0. 

And, therefore, if c be eliminated between these two, the 
result, which is the singular solution, and independent of c, 
must be satisfied by all the co-ordinates of all the intersections; 
and, therefore, it is the equation to the locus of all the inter- 
sections. 
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Again, for the same values of ^ and y, the values of -^ ob- 
tained from the singular solution, and of -^ obtained from the 

complete primitive, are equal; therefore, where the curves re- 
presented by the two equations meet, they have a common 
tangent; therefore the curve represented by the singular 
solution touches all the curves in the complete integral. 

Hence, if we have given the equation to a curve y*(a:, y, c) 
= to find the bounding curve to all the curves to which 
the equation yi^a:, y, c) = may be made to belong, by varying 
c, we must eliminate c between the equations 



CHAPTER IV. 



ON EQUATIONS OF THE FIRST ORDER, BUT NOT OF 

THE FIRST DEGREE. 

In this chapter we shall first consider the equation of the 
«** degree in its most general form, and then proceed to 
exemplify some particular methods applicable in particular 
cases. 

Sect. 1. On the Equation of the «** degree* 
The most general form of this equation is 

where P, Q, ... are functions of x and y. Solving this equa- 
tion with respect to ^, we should ohtBAn^ generally^ n different 
values of that quantity, viz. : 



dx^^^'Tx"'^^' di^^'' 



.... 



and these n equations, being of the first order and first degree, 
are to be solved by the previous methods. 

The integral of each of these will evidently satisfy the given 
equation, and will involve an arbitrary constant. The pro- 
duct of these integrals will also satisfy the equation, and, 
therefore, this product is the most general solution of the 
equation we are able to obtain. 

G 
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It would appear, in the above process, that n arbitrary con- 
stants are introduced, and since the equation was only of the 
first order, this requires explanation. Now, since the con- 
stant, by the elimination of which the differential equation was 
obtained, must have entered the primitive in the nf^ degree ; 
it follows that it had n different values derivable from the 
primitive, and, therefore, the n constants introduced are only 
these n values of the constant eliminated. 

If the quantities P, Q, R, be constant, the n values 

of -~ must be all constant, therefore we may assume -^ = w, 
ax ax 

and substituting and solving the equation 

m» + Pw«-i + +Tm + U = 0... (a), 

we should obtain n integrals of the form 

y = m^x + Ci, y = m^a? + C3, 

the product of which would be the general integral of the 
equation. 

We might also have integrated at once the assumed equation 

■^ = w, getting y = mx + c, and therefore m = ?- ,and 

ax X 

substituting this vahie in (a) we have 

It is evident in this solution of the equation that there would 
be n different values of c in terms ofx and y, which corresponds 
with what has been said above, respecting the nature of the 
primitive giving rise to an equation of the w** degree. 

Ex. 1 . Let the equation be 

(i)'-"(ir-«'©— . 

dy 
/. assume -f- -=: m^ 
ax 
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and tlie equation gives 

m3^ llma+ 26m -^ 24 = 0, 
but -^ = w gives y = w»^ + c. 



dx 
.\ m ^ 



^ILZS 



X 

therefore^ the complete solution of the equation is 

which is equivalent to 
c3+c^(%-n^)+c(22ary-26.r«-3y«)+y3«ii^j^2_j.26^2y-24:«r2 = 0. 

Ex. 2. Let (^j*- ax = 0, 
therefore the factors of this equation are 

and$r_a*,*=0, 
dx 

.\ y — c = ± f a* x^, 
therefore (y ^ cf z=: ^ ax^ is the complete ktegral of the 
equation. 



then assume -J- = m, 
dx 

/. y = wo? 4- c, 

X 

therefore, substituting for ^, we have for the required inte- 
gral 
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There are^ however^ several forms of equations above the 
first degree which are more easily solved by particular me- 
thods. 



Sect. 2. On particular forms of Equations above the first 
degree. 

In the discussion of these^ it is convenient to represent the 

differential coefficient J^ by the letter i?. 

dx 

First y if an equation can be reduced to the form 

y = ;>a? + P, 

(called Clairaufs form), where P is a fiinction of -^ ; 

then, differentiating. 



dp 



but dy = pdx^ .*. = djp. (a: + — j ; 

therefore the differential equation is satisfied, either by sup- 
posing 

first, dp :=z Oy which gives p =z c, 

and /. y = cj: + c', 

which is the general integral of the proposed equation; 

dP 
or, secondly, putting a? + ---=: 0, 

. dp 
and eliminating p between this and the given equation, when 
we should obtain a relation between x and y, not involving 
an arbitrary constant, and being a singular solution. 



•Ex. Let y =px -{-nVl + p^y 

.\ dy = pdx + dp^x+ 7f^)' 

therefore the general solution of the equation is 

y =: ax+c, 
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while^ to find the singular solution^ we have 



X 4- ^^ = 0, 



p ■"■ cc* 



^ + ;:;2 "" "^^li' 



therefore, substituting the value of p in the proposed equation. 



we have for the singular solution 



2 — «3 



y'^ + on* =n 

Secondly y equations of the form 

y = P^ + F, 

where P and F are both functions of -j^, may be treated as 

follows : 

13^ rfP , dF . 

dy = Vdx^rX^^df^r'^dp; 

.'. (p ^V)dx =^ X -^ dp + -^ dp; 

which is a linear equation between x and p, whence a: is to be 
found in terms of p, and then p must be eliminated by means 
of the given equation. 



Ex. Let y = mpx + n \/l +p^; 

.*• dy = mpdx + ww:fl^ + np^dp (1 + j?^)"* ; 
.•. (w— l)prfa; + mxdp + np^dp(l —p^)"^; 
dx+r—^^xdp^ ^J!—p{l+p^r^dp=zO; 

which is a linear equation between x and p^ which becomes 
integrable if multiplied by the factor 

, m dp m 
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giving p--* . X = -^-^Tjy/? *""' (1 + /^r*^/?, 

from which p is to be eliminated by means of the given equa- 
tion. 

Thirdly y if the equation be of the form 

y = P^, 

rfP 
dy = Vdx -{-^^dp; 

. dx _ \dp ^) . 
a? J9--P 
whence a? is to be found in terms of p, and then p must be 
eliminated. 



Ex. ydx — xdy = wa; \^dx^ + rfy*, 

y = X. (jo + w V^l + p^)> 
/. dy =pdx ^ dx (p +« y^i 4.^2^ + x.(dp + ^P ^ j. 

/. log,a: + - log,(p + V'l^p'i) + log, V^T+p^ + c=zO; 

then, from the original equation, finding p in terms of x and y, 
and substituting in the last, we should have the required 
relation between x and y. 

Fourthly, if our equation can be put in the form a: = P, 
where P is a function of -p ; 

we have dx = -j- dp; 
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hence, having x and y in terms of p, a relation between x and 
y is to be found by eliminating/?. 



Ex. xdx + ady = b ^dafl + dy^^ 

ora7 = — ap + 6v^l + j^; 

, bpdp 

,\ dx = — adp -h -7===; 

V 1 + i3 

whence y is to be found by integration, and p eliminated by 
means of the given equation. 

An equation containing powers of t^, but homogeneous 

with respect to x and y, may sometimes be solved conveniently 
as follows : 

Let ydx •— xdy = nx Vda?' + rfy^ 

y z=: xp + nx V^l ^p^ 

or w = p + w V'l +p2 _ _ (ci)^ 

But prf;r -rz dy = d.xu = irrfw + tcdx, 

/. (p -— w)flfe = xdu; 

dx _ du 

X "^ p — u' 

npdp 
and from (a) du = dp -{- ^ , 

V 1 -f p* 



and p — w = -^wl/l +p^; 
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• ^ — ^ pg?p dp 

also, from («) y = ^ (p + n l/l +p2), 

therefore, we have to eliminate /? between these two equations. 

Several of the above solutions are rather theoretical than 
practical in many apparently simple cases, in consequence of 
the difficulty or even impossibility of performing the elimina- 
tion of p. 



CHAPTER V. 



ON EQUATIONS, IN WHICH THE DIFFERENTIAL 
COEFFICIENTS RISE ABOVE THE FIRST ORDER. 

The general integration of all equations^ even of the first 
order^ has not as yet been efiected^ but we are able, for the 
most part, to point out a method of solution applicable to any 
particular class, provided the requisite calculations be practi- 
cable. But, with the generality of equations of superior 
orders, we are unable to do this, the only class with which 
much progress has been made, being those denominated 
linear. 

We shall, in "this place, occupy ourselves with particular 
methods applicable to equations of particular forms, deferring 
the general discussion of linear equations to a subsequent 
section. 

Sect. 1. On the integration of some Equations of par- 
ticular forms, of the second and higher orders. 

d^v 
First, the equation -t~ = X, where X is a function of x, 

may be solved by successive integration, and we have 

^^i —f^dx + c = Xj + c, suppose, 

*'• 1^^ =fy^idx ^rfcdx + Cj, 

H 
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=z/yi^dx + cx "{- Cj; 

and^ proceeding in a similar manner^ we should^ after the n*^ 
integration, have y in terms of x. 

Thus, if we have 

d^ a^ 

^^ "" (2ax - x^)i ' 

. dy ^ p cfids 

*• ^ "■ ^ J (2ax " x'^)i' 

a — X 

y/2ax - *« 

r(a — x^dx 
:. y =1 ex -{• / ■ . ^ — , 

= ca? + l/2aar — ^ + Cj, 
which is the equation to a curve of the second order. 

Secondly y to integrate an equation of the form 

dn—ly 

Let the diflerential • coeflScient -ri^Zi = P(«-i)^ 

:.x^ f^^ +c...(l); 

and if pc»-^) = ^„ 
we have d,p(n^y = .P(»-i) ^^Ja:, 

Then we may eliminate p(n^{) between equation (1) and the 
integral of (2), thus finding 

which is reduced to the last case. 
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therefore, putting tJ = p^. 



have ^ = tl±£a' . 



we 



dx opj 



... ^ ^ f-^^^ = c^a VTTJ^ . . . (I), 
then dp^ = p^dx = -^=^„, 






therefore, by elimination of jOj between (1) and (2), we should 

have 

dv 

whence y in terms of x. 
We might also have taken 
_ rapidp^ 

whence, integrating, we should have 

aW «^ , 

y = -T""" 2 ^1 +P2'lo& (p,+ 1/1 +/?,S 



a« 



+ -2/^2 + «cv/l +;?2* + Ci (3), 

and eliminating p^ by means of equation (1), we should have 
y in terms of x. 
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In this example^ p^ may be eliminated without difficulty; 
because equation (1) gives us 



PC ^ c 






Ex. 2. The equation to the catenary^ when the string is 
extensible, is (JVhewelVs Mech. art. 140) 

t/1 4- JO* 



a: = c log, (;) + v'l +p2) + ^^ (1)^ 



y = c /l +p* + icV (2), 

the integrals being taken, so that when/> =: 0, or = 0, and 
y — c. 

The second method of solution has here been adopted; 
because^ from equation (I) we could not obtain p in terms of 
X, while from equation (2) we can find p in terms of y, and 
substitute the value in equation (1), thus obtaining x in terms 
of y. 

Ex. 3. To find the curve in which the radius of curva^ 
ture is constant. 

This condition gives us the differential equation 

(1 + p"")^ 



^dp> = ^' 



whence x = .. + c, 

1/1 +f 
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and dy = pdx = — S-jL^ . 

^ (i+p»)#' 

therefore, eliminating /?, we have 



= a*. 



= «', 



a 1+/^ 



l+f 



-2)> 



which is the equation to a circle, the only curve which 
satisfies the condition required. 

Thirdly, another form which is frequently integrable, is 

dx" daf*-^' 

dx sJJ 2Fp(„_2) rfjp(«_2) 

which belongs to the first case. 

Ex. 1. Let y|=--l, 

(lor ^ay 
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. fdyy 4 ,_ 



4 ^_ 
= :^ (yy + c) suppose. 



dy 



an equation of the first order^ in which the variables are 
separated^ and may be integrated by putting 






?' + o; 

whence x = log, (y + Vq^ + a) -f log, 6, 

^ 

►\ we get -r = g' + Vq^ + a ; 



_ 6* ab 
•'• y — oA ■" "o ^ 



I— a: 



26 2 ^ ^ 

dp e^ ah _^ 
°^dx-2b 2 * ' 

.\ integrating J^ = 2J + "2" ^ * "^ ^' 

•'•^ = 26-2^"' + '^^+'^' 
when a^ 6^ c, g?^ are the four arbitrary constants. 
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Fourthly y suppose our equation be of the form 

or^ as we shall in future represent the difierential coefficients 

/(a?, py q) = 0. 

Then, if we can integrate the equatiori/f a?, jo, -~ j = 0, we 

shall either find p in terms of x, or x in terms of jt?. Suppose, 
first, that we have found 

p = X + c, where X is a function of x; 
.*. dy = %.dx + cdxy 

/. y =yX]rfir ^ ex '\- c^ 

is the solution of the given equation ; but if, on the other 
hand, we have found 

a; = 0p = (P + c); 
we have also dy = pdx, 

/. y z=z px —fxdp 

Hence x and y are both found in terms of jp, and, therefore, 
p must be eliminated. 

Ex. 1. Let the equation be 

dy ^ _ g^ 4- 2^^ 

dx'^ ^ dx^ "~ VcFlT^^" 

pao? + xdp = . . " air; 



or 



.-. «:r = fVd? -k- x^dx + f y^ ^ 

=± a? Va^ + ^ + c; 

, c 

• • P = V a*^ ^ x"^ ^ -; 

:. dy = rfo? /^^Tf^ + ^ 



¥^' 
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a» 



or=: I /a^ + x^ + log, (ar + /a^ + r^) 2 + log.ar^ + c, 
46 



Ex.2. ^ = <i+^, 
2dr 







(1 + 1**)^ 



.•. integrating ar« + c = v °^ , 

" \ a« y 1 + jB*' 

a* 1 , 

= -, + 1, 



(ar* + c)« p» 



• i _ o*-(j;'+c)» 

• a^ + g 

" '^ /o* - (ar« + c)« 

/ ' (x^ + c)d3; 

whence y may be found in term of ar. 
As an example of the second method, let 

which is an equation, in which the variables are at once sepa- 
rated, and has for its integral 

1 

X = + e. 

Then, since dy = pdx, 

y ^PJC- fxdp; 
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•'• y — px — / £ — '.—fcdp, 

= p^~ ^rrp-^p + ^i' 

and from the first equation 

whence the value of p in terms of a? may be substituted in the 
value of y. 

Fifthly y suppose our equation of the form 

we shall^ if the equation is integrable, find 

p = Y, or y = P. 
Suppose, first, that we have p = Y, 

• ^~ Y 

which, being integrated, we have x in terms of y. 
Secondly, if we get y = P, 
then, because pdx = rfy, 

• • CLX — ■ "■"" 9 

p 







• 
• 


p J P^ 

-y-+r^f, 
p J p^ 

p ./ p* 




thus^ 


and y are 


both found in terms of p, which. 


therefore, 


is to be eliminated. 






Ex. 


Let 


dp 
dx'' 


:yp + o) = p(l +p2). 





.-. dp (yp + a) = dy (1 + p^); 
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which is a linear equation, which becomes integrable by mul- 
tiplying by the factor , , and gives for integral 

y ^ ^p . . 

•■• y = ap+ cV'l + p* .... (1) J 
thendx = -*^, 

P J p« ^' 

then, taking the integral, we should eliminate p by substituting 
its value from equation (1). 

Sometimes we meet with equations in which the differential 
coefficients have been taken, with respect to the arc of the 
curve, as the independent variable; in this case, the usual 
transformation must be applied so as to have x for the 
independent variable, before we proceed with the integra- 
tion. 

Ex.L (f\"^a%% 
\dsj ds ds^' 

we have, by the rules of Differential Calculus, 




4v -, ^dxJ _ p 

ds /ds\ t/1 + p2' 

[dxj 

dx^J_^ _\ 

(/s (ds \ ^\ ^p^ 

\dxJ 

d^x dx ' \ds ) 
ds^ ds dx * 
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''(i + P*)*. 



V 1 +p*' dx 
dp p 

therefore, substituting these values, our equation becomes 

P* I op dp _ 

whence a: = c — . + alog/-— ^ lL£J 

VlH-p* ^* i» 

and d^ = pdo?^ 

ad/7 



ap 



whence p may be found in terms of y, and substituted in the 
equation for x. 



Ex... (%=^a^"^ 




taking the values of ^ and ^> as found in the last example^ 
and observing that 

(D 



fdx\ 
\ds) 
our equation becomes 



dx\ dx 



P> 



P = _^ ^ tan-'» 
.'. dx =z ^^ ■ tan~'j», 

(1 + P^V 
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(1 +p^)^ 

the first gives us 

and the second 

a , a 

y z=z c.-\ ,, tan~'p— y. 

Then /? may be eliminated from these equations^ for mul- 
tiplying the second by p, and adding, we have 

2ap 

from which equation p being determined^ may be substituted 
in either of the above. 

Sect. 2. General discussion of Linear Equations. 

It has already been stated^ that when an equation contains 
only the first power of y, and its differential coefficients, it is 
called linear ; and the linear equation of the first order has 
been integrated. 

We have seen, however, that in obtaining the complete 
integral of an equation above the first order, the constants are 
not merely added, but that they are generally involved with 
the variables. 

Hence, although we may have found a function of x and y^ 
which satisfies an equation of the vf^ order, it can by no means 
be considered the complete solution, unless it contains n ar- 
bitrary constants properly involved. 

It has been proved in Chapter I. that every equation of the 
71*^ order, has n particular integrals, each involving an arbitrary 
constant ; but we have yet to shew in what way the complete 
primitive, containing n different arbitrary constants, and satis- 
fying the differential equation, is to be found from the par- 
ticular integrals. 
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This we shall proceed to do for linear equations of the vP*' 
order. 

If p^qy r . . . ,he n functions of Xy which substituted 
for y satisfy the equation 

S + *£« + + k| + I^ = 0...(.,. 

the coefficients being constant or functions of x; then the 
complete integral will 6e y = ap + J^^ + cr + .... where 
a, b, c, . . . . are n arbitrary constants. 

(We shall here represent the differential coefficients taken 
with respect to x by accents, and the w*^ differential coeffi- 
cient of y .... by y^"^). 

Then, supposing y ^=^ ap + ft^r -f cr + . . 

we have y' =^ ap' ^ bq' -\- cr' ■\' 

/ = ap^ + 69" + c/ + 



y(«) = ap(«^ + ig(«) + cr(*> + 

and substituting these values of the differential coefficients 

in the proposed equation, the result ought to = ; but the 

result is 

a (jpC'^) + A;)<»-^) + + Kp' + Lp) 

+ b (?<•> + A^(-^^ + + Ky' + Ly) 

+ c (r^~> + Ar<«-*> + + Kr' + Lr), 

+ . 

and on the hypothesis thatp, y, r, .... are particular in- 
tegrals, this would evidently = 0, because each term merely 
consists of a constant multiplied into the expression (a) with 
one of the particular integrals in the place of y ; therefore 
each term is separately = 0. 

Hence the assumption that we have made satisfies the 
differential equation, and n arbitrary constants are intro- 
duced; therefore y = op + 6<y + cr + is the complete 

integral. 
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To deduce the complete primitive of the equation 
yC«) + Ay<«-^> + By<*-^> + . . . + Kj/ + Ly = X 

from the particular integrals of the equation 

y<«) + Ay(«-i> + + Kj/ + Ly = 0, 

the coefficients A, B, C, .... X being either constant or 
functions of j?. 

Suppose p, q, r, the n particular integrals of the 

latter equation^ and assume the complete integral of the 
equation to be 

y := ap + bq + cr + 

where a^ b^c, .... are no longer arbitrary constants^ but 
^ ftmctions of x, which it is our object to determine. 

Then, difierentiating, 

y' =: ap' + bq' + cr* + ... + c^p +Vq + c'r + 

then assume c^p + b*q -^ c'r -{• =0; 

also 

i/' = apf'+bq"+ ...+a^p+6*y4- ... -{-c^p' +b'gf+cV+ ... 
then assume a'p' + Vq' + c V + =0; 

and, similarly, proceeding to(n — 1) differentiations, and 
assuming, in each, the sum of the terms involving o^, V, c', • . . 
to = 0; and in the value of y(") assuming them = X, we 
have n equations to determine the n quantities a', 6', c', . . . 
viz: 

pa! -{- qV -{- re' = 0, p'a' + q'V + /c' = 0, 

=0; p(»-%' + y^«-i)6' + r(»-'V = X; 

and having assumed these equations, it is evident that all the 
terms involving a", J", c'', .... o"', 6"', c"' .... must = ; 
and, therefore, the differential coefficients are reduced to 

y ^ ap '\' bq -{• cr -f 

y' :=z ap' + bq' '\' cr' + 



y(») = ap^^^ H- bq^'^^ + cr(*^) + . . . 
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And substituting in the given equation^ it becomes 

a (p(») + Ap(~-i) + + Kp' + Lp) 

+ 6(y(*) + Ay("-0 + + Ky' + li) 

+ }^ =X; 

+ terms assumed = 

-f terms assumed = X 

and this will evidently be true, because each term, except 
the last in the above equation, has for a factor the quantity 
(y{~) + Ay(«-0 + + Kj/ + Ly), with one of the parti- 
cular integrals in the place of y ; therefore, when the functions 
a, ft, c, • . . are determined according to our assumptions, the 
whole is equivalent to X = X. 

Hence our assumptions satisfy the given equation; also, 
from the n assumed equations, we may find the n quantities 

^' T"* ' • ' ^^®^^®> a, &, c, . . . being found by integration, 
n arbitrary constants will be introduced; therefore, our as- 
sumption gives us the complete primitive. 

This method of solution is called the variation of para- 
meters. 

Conversely, if by any means we can obtain the complete 
integral of the equation 



then the part connected with each of the n arbitrary constants 
will of itself satisfy the differential equation, and, therefore, 
will be one of its particular integrals; for since all the 
constants are arbitrary, iany {n — l) of these parts may be 
supposed to evanesce, and the remaining part of the integral 
must still satisfy the difierential equation; that is, each part 
separately of the integral must satisfy the equation, or, in 
other words, be a particular integral of it. 

This observation will be found important when we come 
to the application of the method to the solution of linear 
equations with variable coefficients. 



= e 
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The particular integrals from which the general solution is 
deduced, can only be found for a very limited number of 
equations, among which are those with constant coeffi- 
cients. 

To find the complete solution of the general linear 
equation 

y(«) + Ay(»-i) + + Ky + Ly = 0, 

the coefficients being constant. 

Assume y = e**, where A is a quantity (not a function of a?) 
to be determined, 

/. j/ = Ae*^ y" =? AV^ 
yW = A"e**; 

therefore, substituting these values in the given equation, and 
dividing the whole by the common factor c**, we have, for 
the determination of A, the equation 

A» + AA«-i + +KA + L = 0... (^). 

1st. Suppose the roots of the equation to be zil possible 

and unequaly and let them be a, /3, y, ; then the n 

particular integrals are e"*, c^, e"", therefore, the 

complete solution is 

y = 06^ + 66^^ + 06"^'+ 

2nd. Suppose the equation for A to contain impossible 
roots f then these must be in pairs, and of the form 

a' + /3V^=n, and a' - 0V^^, 
which gives the particular integrals 

"''.{(a + 6). 31 _ + (a-i)v/-.l^ ^^^== Jl 

= e"'*. |Ci cos /J'a: + C^ sin f^'x] ; 
representing the arbitrary constants 

(a + 6), (a-6)/"^=n, by Cp Cj, respectively ; 



EQUATIONS ABOVE THE FIRST ORDER. 65 

and similarly for any other pairs o£ impossible roots the 
corresponding part of the complete integral may be found. 

3rd. Suppose the equation for h to contain (m) eqtud 
roots each = a, it is evident that the part of the integral 

tf=:ae'^+ heP' + ce*^' + 

would be reduced to y = (a + ft + c + ) c*^, and 

a + ft 4- c can only be considered as one arbitrary 

constant; and^ therefore^ this would only give us one parti- 
cular integral; and^ therefore^ on the whole, we should only 
have (n — m 4- 1) particular integrals. 

To avoid this failure^ assume y = e^u} 



Then^ substituting these values In the given equation, it 
may be put in the form 

u. (A» + AA«-i + BA»-2 + + L) 

+ u' \nh^^ + («-!) AA»-« + + K| 

+ w" \n (n - 1) A»-2 + + 1 + 

omitting the common factor ^; or, in other symbols, (re- 
presenting the quantity A" + AA*""' + by V, and its 

difierential coefficients taken with respect to h by V, V*, . . . ) 

the given equation takes the form 

uV + i/V+... + w(«)V(«)+ . . . + tt(«)V(«) = ... (A): 

Now, since the equation V = contains m equal values of 
h, therefore (m — 1) of its differential coefficients, taken 
with respect to A, must of themselves equal nothing; therefore 
the m first terms in equation (A) are equal to nothing; and 
the others will equal nothing if w(**), w(«^0, each = 0; 

that is, ir tt is a function of x of (m -— 1) dimensions, that is, 

r K 
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if II ;s: (a -f &B + e^' 4- + ^«*""0» 

a,b,e,.... being constant; 
i^nd the supposition that u is of this form, introduces the 
requi»te number of arbitmry constants, and theiefiH^ 

c*^. |a + fta? + , . . , + gap*"i| 
is the part of the integral corresponding to the m equal roots, 
the other part being found as in the first case. 

Hence the complete solution is 
y cc e"*. {cL + bx + ca?*+ . . . + g^»*^*J + b^efi' + c,«^* + . . . 

/3, 7, . . . . being the unequal roots. 

The above method for the equal roots has been given, 
because it appears the most perfect; there is^ however^ 
another which is much simpler, but probably less satisfactory. 

If two roots of the equation for h become equal, then the 
corresponding part of the integral is Ce"'+Ce*' ; but suppose 
these roots, instead of being absolutely equal, to difier by the 
small indeterminate quantity ic, therefore the part of the 
integral 

= «''. JC + C'e*^-'!, 

= 6--. {c+C(l + ,ca: + ^+ . ..)}, 

= e^. {C+C 4- Ckx + ^^ + ...}, 
then let C + C s?: C^, Ck = Cj ; therrfore tbispart beoomro 

or if K = 0, it becomes e"^. |C| + C^} , 

which is the same form as that previously deduced, and, pro- 
ceeding on similar principles, we should find the integral, 
when three or more roots were equal. 

The circumstance of Gk being put = C^ when ic = 0, may 
appear unsatisfactory ; but C being by hypothesis arbitrary, 
we are at liberty to consider it infinite, in which case Cjc may 
be finite. 
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4th. If there are eqttal impossible roots in the equation, 
they must occur in eqtud pairs ; that is, we must have two 
roots, each ^ a + jS'v^^l, and two, each c^ta — ^\^^^; 
therefore the part of the integral corresponding to these four 
roots will be 

6-^*. l(a + bx) ^'^-^ + (c + d,x) €r^*>/^\ , 
which, by the same transformation as that formerly used for 
impossible roots, gives us 

e^*. |(Ci + C^) cos /far + (C3 + C^x)%m0x\ ; 
and, similarly, if there were three equal pairs of impossible 
roots, the part of the integral would be 
e-'*. J(Ci+ Cga? + C^ar*) cos/S'a? + (0^+ C^x + C^'^)Aii^x)\y 
and BO on, {at sny number of equal pairs of impossible roots. 

Whai the solution of the equation 

y(") + Ay(«-0+ +Ky' + Ly=0...(a) 

with constant coefficients has been obtained, that of the 
equation 

y{«) + Ay(*-^) + + Ky' + Ly = X . . . (^) 

may be deduced fVom it by the method in page 62 ; and 
hence, if an equation of the form ^3) were given, it would be 
first necessary to solve an equation of the form (a), and 
from the solution to deduce that of (fi\ 

The solution of linear equations above the second order, in 
which the coefficients are functions of a?, has scarcely been 
attempted, and even with the second order it is not always 
practicable. 

It has been shewn that the solution of the equation 

g+p| + <fe = X....(l) 

can be deduced from the particular integrals of the equation 
g + p| + Qi, = 0....(2). 

To solve the latter y in the cases in which it is possible, 
assume y = e/*****, .\ y' = tieS^^* ; 
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and y" = wW«^*+ -^ e/"''*; 

then, substituting these values in (2), and dividing by the 
common factor eJ^^y we have the equation 

^' + ^ + Pw + Q = 0....(3), / 

which being of the first order may sometimes be integrated, 
when we shall find a value of u in terms of x containing one 
constant ; and, in the integration for obtaining/wcto, a second 
constant will be introduced; therefore y = e7~***, which satis- 
fies the diflferential equation (2), contains two constants, and 
therefore is the complete solution of it. 

. The eases in which the reducing equation (3) can be 
solved, are 

1st. If Q :^ 0, when it takes the form 

u^dx + Pudx + rfw = 0; 

therefore, putting u ^ ^,duz=i ^JL^ 

and substituting, we have the linear equation 

dv — Vvdx = dxi 
/. e-P^'dv — e'-S^^''Pvdx = trP^dx ; 



:,v^P^^C+f^; 



dx\. 



/, w = - is known. 

V 

2nd. If P = 2v^Q, the equation takes the form 

(U + V'Qfdx + du z=: 0; 

then, putting w + t/Q = ar, 

du + .^ dxzrz dz; 
dx 

therefore, substituting, the equation becomes 

zHxA^dz^^^^dx^Q', 

dx 
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and this equation is always integrable if -t — is constant^ 

which gives us the condition that v^ =z a + bx. 

Therefore the equation may be integrated if P=2 (a+bx), 
and Q = (a + bx)\ 

3rd. If P = - — , , and Q = ^--5, the reducing 

(a + bx) (a + bxY ^ 

equation becomes 

di'^'' '^(a + bx)'' + (a + bx)^^^' 

Then assume u = =— -, where m is indeterminate ; 

(a -I- ox) 

• ^^ — — ^fe 
' ' flfc "" (a + 6a?)* * 

1 . 



therefore^ substituting and omitting the common factor - ^~^ 

we have, for the determination of m, the equation 

OT« + m(A — 6) + B = 0; 
whence two values of m being founds the two values of u and 
therefore of c/"^* will be determined, and these will be the 
two particular integrals. 

4th. The equation (3) may be solved if the coefficients are 

such that Q = -7- , for it then becomes 

ax 

which equation is evidently satisfied by the supposition 
u = — P; but this integral will not satisfy it if a constant 
is added, and therefore it is either a singular solution or a 
particular integral corresponding to an infinite value of the 
arbitrary constant. Applying the test as in page 33, example 
2, we find that it is a particular integral. 

To find the general integral, assume 

w = i-P; 

V 
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therefore^ substituting, we have 

\v / V dx iMx dx ' 

1 P rf» rt 

which is a linear equation of the first order, firom which v may 
be found, and an arbitrary constant will be introduced; 

/. tt =: P is known, 

and will be the complete solution of the reducing equation in 
this case. 

We will now give some instances of the application of the 
methods above investigated. 

First, when the coeficienU ate constants 

therefore, putting y = 6**, we have, for determining h, the 
equation A* + A:* = ; 

therefore the complete integral will be 

y = Cjcosibar + C^sinkx. 

the equation for determining h is 

A3^3A«+4 = 0, 
of which one root is evidently — 1, and dividing by (A + 1), 
the quotient is A* — 4A + 4 = (A — 2f; therefore the roots 
of the equation are — 1^ 2, d; therefore the complete in- 
tegral is 

y = cC + (a + h^) ^j 
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gives, for determining h, the equation 

which is a recurring equation^ evidently having two roots 
= + 1, the other two being found to be + ^— I and 
— \/— 1, therefore the complete integral is 

y = C^coax + C^mnx + (a + bx)e*. 

the equation for A, is ¥ + 2a«A« + a* = 0, 

that is, (A* + «*)* = 0, 
therefore there is an equal pair of impossible roots, viz.: two 
roots, each = a i^— 1, and two, each = — a v'— 1; there- 
fore the complete integral, by page 67, is 

y = |C, + Cj a:| cos ao? + (C3+ C^x) sin or. 

Secondly/, when the coefficients are variable, and of such a 
form that, by putting y = e •'^ , « can be found. 

Ex 1. ^-?^ + ??^x=0 
dx^ xdx x^ ' 

here the coefficients are of the form 

A _^ B 
(a + 6a?)' ^^(ST^* 

therefore assume y = c •'^ * , and substituting this and its dif- 
ferential coefficients, we have 

then assume t^ = — , 



• • 
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therefore, substituting and omitting tlie common divisor x^ 
we have for determining m, the equation 

»»« _ ail + 2 = 0, 
/. TO* — 3w + J = i; 
/. TO = -I ± 4- = 2 or 1, 

2 1 

/, w = - or - ; 

X X 

or fudx = log^a?* or log^ar ; 

• • 6 ^2 X^y or — Xy 

and hence the complete solution of the equation is 

y r= ax^ + hx. 

then, assumiqg y = 6*''* * , we obtain the equation 
(w* + 26Mar + l^aF) dx + du z^ 0, 
or (u 4- 6a;)* dir + dw = ; 
then put u -{- bx z= z, 
/. du r=i dz — bdXy 
and the equation becomes jsr^flfa: +dz — bdx = ; 
therefore, dividing by s*— 6, we have the integral 



X 






where — ^-^ log^ Cj is taken for the arbitrary constant, for 



2Vb 
convenience. 

From this equation 






whence z = \/6. ^if!!l±i . 
.♦. /ttrfx = -fhxdx^'ThJdx ' ^, _ j-, 
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- ^ + log. (Ci**^ - 1)-*^ - log.C,; 
,-. y = c/"* = Vll£ ZL-L. 



Ex. 3. If oar equation had been 
proceeding in an exactly similar manner, we should find 

.'. xVh + C, = — tan"*-7r' 

.\z = — VTtan (a? Vr+ C,), 
.*. f^ = 2 + dar, in this case^ 

== Jar — -/fttan (a? V^ + Cj), 

/»rf^ = ^ + log, JC,cos(a:V^+ C^)? ; 

/. y = ^A**' = Cj cos (:rvT +- C^) e * 

= e *(c coaay-v/y— c' sin x^%). 



To illustrate the method of the variation of parameters, 
explained in page 62^ we will take the equation 

3 + a| + B, = X....(1). 
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A and B being constdnt^ and X a function of x, its integral, 
as we have siiewn, is to be deuced from the- particular inte- 
grals of the equation 

the equation for d^ermining A, is 

# + AA + B = 0; 

suppose that the values of h are both possible and unequal^ 

and let them be a, j3y therefbre tile particular integrals are e"^ 

and 6^. 

Then we are to assume Ib^ integral, of equfilion (1) to bt 

when a and b are fbictions of x, to h^ determined ; 

+ other terms not involving ol and V ; 

and we assume the equations 

a'c"* + b'e^ =; p, 

therefore^ eliminating cly we have 

6'.(/3 - a>^ = X, 

X 



and eliminating h', we have 

X 

a = 



•*• *' =* (0 - a)eP* \ 



therefore, the complete integral, in this ca3e, is 
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If the roots of the equftti<m for h had bei^ he|h equal to a, 
the particular integrals would be e% and xe"^ ; and, there- 
fore, ^e assume y = dt* + fta^e"', "and froceeding as above, 
we have for determining cl and V, the eqiifitions 

a! + ffx = 0, 
ft' + (a' + y^) a = ^; 
whence the complete integral is 

If the roots be impossible, they must be of the form 

a + /3 ^'"^nr, and a — jS V^^ 
and we assume 

y = ae"^ cos ^ + fte" sin ^, 

whence^ differentiating, the equations for a' and b' are 

of cos j3ar 4- 6' «in |3tf = 0, 

X 

6' cos /3r — ^ sin /3;r? 2x ^3,, 

and we have for the complete integral 

y = CjC** cos /3a7 + C^e*^ sin ^^ 
c** r o /»Xsinfia?dir • ,^ /»X cos fla?<tei 

■"3"- x^^J — i=y^ 8ln/3*/ 'J*^^^^}- 



The abovje is the Ikiear equation of flie second order^ 
constant coeflScients in its mo^t comprehensive form; parti- 
cular cases of th^ equation 1^ to b^ solved by the same 
process, without reference to the general results just ob- 
tained. ^ 

Ex. 1. ^^— »»*y = c*, the equation for determining h 
is A^ — m^ =: ; therefore, the particular integrals of the 
equation —^ — ni?y = 0, are 

6'*"', and e*""*-^ ; 
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/. aasume y t= oe~ + ir^* ; 

ax 

-=3^ = mde*^ — fnb'e'*^^ 4- tenns not in- 
rfar 

volving ^ and ft' ; 

therefore^ we have the equations 

d'e"* + ye-** == 0, 

ale"** — ye-*« = - ; 

m 

and 6' = 2? — . 

2m 

Hence^ integrating, we have 

a = C, — 



1 2i»(m-. l)e^*->^'' 



* "~ ^« ~ ^Kw - 1) ' 

therefore, the complete integral is 

y ~ \^\~2m{:m-\y^^)'i * ■*" l^»~2»»(»» + l)J * 



= C,c-* + C^e-^ - 



c* 



(»»«- D* 



Ex.2. ^ + *«y = co8»M?j 
from this equation we have A = ± AV— 1 ; therefore the par 
ticular integrals of ^ -f ^ = are cos kx, and sin iU : 
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•'. assume y =3 acoskx +6 mkar, 

whence ~z=i'-aksaikx -{-bk cos kx -{-d coats ^V^nkxi 

and differentiating agfiin^ and coUeeting the terms involvuig 
d and V, we have the equations 

al cos kx + V sin Aro? = ^ 

b'k cos kx — dk sin Aa? == cos mx"^ 

if r # • » cos mx 

COS kx — d sm Ar^r = — 3 — , 

k 

V wikx •\' d cos kx =: 0; 

. r/ / •> 7 . • o f V COS fcr cos mx 
• . a (cos^ Arj? 4- sm* kx) = j ; 

. , / cos kx cos ma? , , ankx cos nur 
• • = -, and a = — % > 

or V = X- {cos (i + m) 0? + cos (* — m) a: V ^ 

and6^ = — T7* -[sin (A + m) a? + sin (A — m) ar\ ; 

. , _ 1 J sin (k -\-m)x ^ sin (A — ni) x \ ^ 
• ' ^ "" 2AI (* + m) + (*-w) / + ^a» 

1 /COS (A + »0j^ cos (A — »i) a?\ ^ 
'' = 2**V AV^) + (A-w) J + ^i' 

/. y = Cj cos kx -f C3 sin A^ 
+ oLfLt, \ {^ (* + *») ^- cos Aa? + sin (A+m) x. sin Aa?\ 

+ rtjL/jL X {cos (A — m) X. cos A;i; + sin (A — 1») x. sm Aa?| 

-^ t . #-i • f ,1 rcosma; co8(^mx)y 
y = C.co6*;r+C,Mn for +^.{j-^ + -^fL-_J} 



COS mx 



= Ci COS Air + Cjsin kx + .^ _ . 



Ex. 3. We will now take an example^ in which the equa- 
tion for h has equal robts^ 
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gives (A— *)«== 0; 
iimeSeKte, tbe particular iategralfl of 

are c**, and are**; 
/. assume y = ae^ + bxef^; 

and the terms involving a' and V, in the value of ^r^, are 

therefore our equtftioAs are 

a' + Vx = 0, 

the first equation gives ^s 

and substituting tliifi in the second, we get 

-b'kx^rb'^.b•kx = '^^i 

••0 =— iEi-' 

« ^ COS MX 

Integrating by parts, we find 

& = C, + x^a , ^ ) |wi sin ww; — ib cos 9ttir \ 

+ A j>a (m ccH»ir + Asin iwjr)| , 
therefore the complete integral is 
y = (C, + C^)^- ^'"'-*'> "^Jl + ^* "^ "^. 



.% 6 = Ca - ^£-i-T^ e'-^^'y. 
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Ex. 4. ir ouF equation had been 

the integrals would have been much simpfer, we should have 
the assumed integn^l 

and our equations for determining the functions a and b, 
would be 

c( + Va::= 0, 

ntbitociev elimJiNifttog as^before, 

Ji 

therefqre the complete integral is 

Tbe general tnethod is easily applied to the solution of 
the equation 

cte* xdx s^ 

we have seen (6x. 1^ page 71) that the integral of the 
equation without X is y = aa?^ + hx, where a and h are 
arbitrary constants^ 

/• assume y = ojr' -f dar^ a and b functions of :r ; 
/. -^ =a 2tfa? + 6 + d'o^ + ^a?, 

(IX 

r-^ = 2^x 4- 6' + terms not involving d and U ; 
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therefore, for the determination of ^, V ^ we have the assumed 
equations 

^^a? + y = 0, 

X 

.'. d = — , /. a = Ci/Xr"^rfr, 

therefore the required integral is 

y = C^dfi +€33? + nfifXar^dx - xfXdXy 
the constants of the integrations being C^ and C^ respectively. 

Sect. 3. On particular artifices and methods of solution 
applicable to particular forms of linear Equations* 

The methods above exemplified are certainly the most 
general that are known; at the same time there are others 
which, in certain cases, lead more directly and easily to the 
required solutions. There are also transformations, which 
enable us to integrate some linear equations, which, without 
them, could not be solved by any known process. 

The analyst cannot be in possession of too many ways of 
treating equations, of which there are such a variety of forms ; 
and we therefore devote this section to the ex{danation of the 
methods above alluded to. 

The equation -^ + A— + By = X, (the coefficients 

being constant) may be solved without applying the va- 
riation of parameters. 

For convenience, represent the equation thus 

y+Aj/+By = X, 
and suppose e'^dx a factor which will make it immediately 
integrable, so as to give a primitive which shall be a dif- 
ferential equation of the first order ; 

then er^dx (y" + Ay' 4- By) = e^^'dxX, .... (1), 
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and this being a complete difierentialy assume the integral to 
be 

^-^(«y-hfty') = (P+C); 

then, differentiating, this equation 

— he-^^'dxiay + bi/) + €r^dx{ay' + by") = e'^^dx X, 
should be indentical with equation (1), therefore, equating like 
coelSScients, 

o — 6A = A, 
— ah = B, 
hence a == ( A + A), and two values of h will be found from 
the equation 

B + (A + A) A = 0, or A2+ AA + B = ; 
suppose these two values to be a and |3, then respecting cor- 
responding to these values^ we shall have the primitives 
e--'.KA4-a)y + j/| - (P + C,) . . .^ 
ande-/'-.KA + i3)y+2/| = (P + C,) . . J ' ' ' ^ ^^ 
and eliminating j/ between them, we shall have the complete 
primitive of the given equation. 

A similar process may be applied to equations of higher 
orders. 
For a simple example, 

the values of A are ± k, and A = 0, 

therefore the equations (2) become 

therefore, multiplying the first by 6** and the second by e^*^, 
and subtracting the second from the first, we get 

for the complete integral. M 
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There is a method of integrating the equation 

g + A«y + X=0, 

which applies so conveniently to the investigations of physical 
astronomy, that we must not omit it. 

Multiply the equation by cos kx 

/• cos kx -7^ + kh/ cos Aa? -+• X cos kx = 0, 

.'. fcosix-j^ dx + fl^ cos kxdx + /X cos kx dx = Cj, 
therefore, integrating the first and second terms by parts, 
-j^coskx+/kJ^ sinkxdx+kysmkx—f k-^sinkxdx-{-/lLcoskxdx = C^ 

or -^coskx+kysiakx = Ci— /Xcostorf* (1). 

Then, if we multiply the given equation by sin kx, and pro- 
ceed to integrate by parts, we shall find 

^sin kx -- ky cos kx = C^ — /X sin kxdx . . . (2); 

therefore, multiplying equation (I) by sin kx, and (2) by 
cos kx, and subtracting the latter product from the former, we 
shall have 
ky{s\r?kx^cos^kx) = sin kx. (Ci^/K cos kxdx)— -cos kx.(C^—/X.sinkxdx) 

sm ^js cos KX 

ory = — T— (Ci— /Xcos^xrfjc) r — (C^—JTi.sinkxdx), 

which is the complete integral of the proposed equation. 

Ex. Suppose the value of X in the equation to have 
been cos' kx, then 

/X cos ixdx := f(l — sin' kx) cos kx dx, 

If., sin^it^rl 

/X sin kxdx = ^r-, 
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/. y = T.|(Ci— l)sin Ao?— C2CosA:a?+^(sin^Ara?+cos3*a:)\ 

or, since Cj is arbitrary, therefore C, — 1 is arbitrary ; and 
therefore the equation may be written 

y = ^ I A sin kx — B cos kx -i i-^^^ — ^| . 

The equation j^ + P j^ + Qy = 0, in the case in which 

p 

Q = may generally be solved by a simple transfor- 

mation. 

^ dx ax 

Substituting these values and dividing by Xy we have the 
equation 

or,smceQ = , 

X 

which equation, as we have before shewn, may be easily 
solved. 

Ex ^ 1 3^-2 dy _ Zx-2. 
the transformed equation becomes 

dx^ 1 — a? rfa? 
and putting ^ = p, we obtain 

dz 
log,;> = log, (I - :r) + log^Cp /. ^ = C,(l - x), 

whence z = C, f jp — — j + Cg; 



84 EQUATIONS ABOVE THE FIRST ORDER. 



•*• y = C,(x«-|^+C2a:, 



The transformation of the independent variable sometimes 
reduces the equation to a more simple form. 

Suppose our equation of the form 

^ + -^+ ^^ ^y . By _ ^ 

when A and B are constants. 

Then transform the equation so that = tan"^ x shall be 
the independent variable. We easily find^ by thie methods of 
the Differential Calculus^ that 

dx dO ^' 

^-2^tan© 

dx^ sec* e 

therefore substituting^ our equation becomes 

1^^ ^ l-^x' d^"^^ ^+(l + a:*)2-"^ 

or observing that tan © = a:, /. sec^ d = 1 + a:*, we get 

"^y-uA^ + Biz-O- 
W^^dQ^^^-^^' 

in which^ the coefficients being constant^ we shall be able to 

integrate^ and find y in . terms of ; that is^ y in terms of 

tan""' X. 

In a similar manner the equation 

dx^^ 2a? — «* dx 2x — t^ 

is reduced to the form 

by transforming it to one in which % = vers~^ x is the inde- 
pendent variable. 



1 



\ 
s 
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Again, the equation 

^ . AVT^Ila-a dy , By _ ^ 

rf**^ — nri? di'^ !-»»-" 

is reduced to the same form, by making 6 = sin""' x or cos"^ a?, 
the independent variable. 

Also, 2 + (Ae^~ ^) ^ + ^y^""" = ^ 

becomes -7? + A~^ + By = 

by making v = c*, the independent variable. 

It is needless in this place to give particular examples of 
the above, as the method of proceeding is precisely the same 
as that in the first case. Should either of the quantities A or 
B be wanting, the transformed equation will of course be 
without the term in which A or B respectively enters. 

Some equations are made integrable by transforming them 
so that y shall be the independent variable instead of x. 

Ex. «'^'(D*2«v(D'-5 = 

is, by the above means, reduced to a linear equation in a? ; 

(fix 

for?^=:-L. ^y %' 

dx rdx\' dx^ /dxy 

\dy) \d^) 

therefore, substituting these values, our equation becomes 

then assuming x = ef^^^, and substituting this quantity and its 
differential coefficients, 

u^ + 2a^yu + ay + ^ = 0, 

4. . o , du dz n 

put w + a^ = ^, . . T- = 7 «S 

^ dy dy ' 
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and. we have 

, dz 

1 , /I a + z\ 

' a — z 

_ C,e»"»— 1 

.-. /«rfy = log. (C,e»»>+ 1) - ay - ?^ - log. C„ 
/. a: = e/**^^ = > . \. is the complete integral of 
the given equation. 



There are many equations of the second order^ which being 
neither linear nor always of the first degree^ no general 
methods can be given for their solution. 

The integration, when possible, is generally effected through 
the medium of substitutions and transformations, which prac- 
tice only can teach; we have, therefore, introduced some 
examples of this sort in the small collection at the end of this 
volume, where we have also indicated the method of pro- 
ceeding to be applied to each. 

Several complicated equations (not linear) are integrated by 
assuming y = e/"*'*, of which the following is an example: 

where P and Q are functions of x. 
Assume y = eA*^*, •*• ^ = w^"***, 

and ^ = T^e/«^'+ wV"**^; 
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then substituting these values, and omitting the common 
factor e^M^y we have 

^ + (P + 1) w« + Qm = 0. 

Then assuming w =-» 

. rfw __ \dv 
' dx"' v^dx* 
and substituting, we have the equation 

dv — Qvdx = (P + 1) dx, 
which is a linear equation for determining r, and therefore u 
will be found ; and in the value of m a constant will be intro- 
duced^ and in the second integration for fudx another con- 
stant will occur, therefore the value y == efr^^, thus obtained, 
will be the complete solution. 

It is easily perceived that the substitution of y = eJ^^^ wiU 
only be available when the equation is homogeneous with re- 
spect to y and its differential coefficients. 

Sect. 4. On the singidar solutions of equations of 
superior orders. 

Much of what has been said respecting singular solutions 
of equations of the first order, applies also to those of superior 
orders. 

Represent the differential coefficients 

and suppose ^ (a:, y, 2/, /, y<"^) = U(„) = to be 

a difierential equation of the ^'^ order, and 

/(^, y. y\f. y<»-^^ a) = U(,.if = 

one of the first integrals, which is a differential equation of 
the (w— 1)** order, involving an arbitrary constant a. 

If we differentiate U^^^j^ with respect to a, and, assuming 

the equation — "T^^ = 0, find a value of a in terms of 
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x^y^l/,. . . . ,v("~*)> this value substituted in U^-^.d gives 
us a singular solution of the equation U(^) = 0. 

Ex. The equation (tff — -2^ + 1 = has for its 

primitive of the first order 

:r2 — 2aj/ + a* = (1). 

Then differentiating this with respect to a^ and assuming 
the result to equal nothing, we get a = y^, which value sub- 
stituted in (1), gives the singular solution ^ = ± ar. 

It has been demonstrated by Lagrange, that generally the 
n first integrals of a difierential equation of the n*^ order, all 
give the same singular solution ; we shall shew that this is 
the case in the above example. 

Integrating x^ — 2aj/ -f a* = 0, we have 

■^ — 2ay ^ a^x + h r=z 0, 

where b is the new arbitrary constant, and eliminating a by 
means of these two equations, we have 

4^^ (y-^y)^-4(6- ^(y^x^) y^+ ^b^ ^)' = 0. . . (2), 

which is therefore the remaining integral of the first order of 
the differential equation. 

Differentiating with respect to b, 

whence the value of b is 

and this value, substituted in (2), gives 

Now the supposition that y — xi/ =0 does not satisfy 
the proposed equation, therefore we must have 

^^ — (l/f = 0, or y' = ± ar, 
which is the same singular solution as w^js obtained by the 
direct treatment of equation (1). 
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If U(»_,) he the integral of U(„) = 0, involvi?tg the 
arbitrary constant a; then, if the value of a be found from 

the equation U(».i) = 0, the conditions that make 

da da da da 

^' %' ;^' ^' • • • • 
all infinite, mm/ give us a singular solution of the equa^ 
tion U(«) = 0. 

For, diflferentiating U(„.i) = considering a as variable, 
and a function of a?, y/y, y^, . . * . we have 

dx da ^ dx ' 

dy da ^ dy ' 

~d^'^'~dr''dg'~ ' 
4- =0; 



• • • 



da _ \ dx ) da y dy ) 

\ da ) \ da ) 



• • • • ~~— • • • * 



da __ _ \ rfy 

\ da ) 

But the denominators in all these expressions will equal 
ssero if the value of a be such as will give a singular solution; 
and, therefore, assuming the equations 

da da 

dx dy 

the proper relation may sometimes be determined* 

We should observe, that although the singular solution 
makes the above quantities infinite, it does not follow that 
any solution which does this is a singular solution ; for if it 

reduce the value of a (found from the equation — J"-^ = 0) 
to a constant, it will only be a particular integral. 

N 
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V V(„) ^0 bea differential equation of the «** order, 
which requires a factor fi to make it the complete differential 
RfV(n'i) = 0/ and if V(^.,) =zO be a singular solution of 
the equation V(,) = 0, then the supposition V(,.j) = 
makes the factor fi infinite. 

For the solution V(„_j) = is not included in the equation 
U(,.j) = 0, because the former is a singular solution^ and, 
therefore, the relation expressed by V(^_j) = will not make 
U(.) = 0. 

But it does make V(.) or U(^) . - = 0, and, therefore, it 
must make M = 00 . '^ 

To obtain a singular solution from the differential equa- 
tion, without previously knowing its complete integral. 

Suppose F (rr, y, ^, . . . . yC'*"^, a) = to be the in- 
tegral of a differential equation of the n'* order. Then, 
difierentiating this with respect to x, a value of a in terms 
oi oOfffyj/, n . . . . y("> = P, suppose, might be obtained, 
which, substituted in the above, would give F(jr, y, y', , . . . 
y(n-i)^ P) = ; an equation identical with the given difler- 
ential equation of the «'* order. 

But if this last be differentiated, the terms not depending 
on the variation of P would be identically nothing; and, 
therefore, the result of differentiating our equation of the 
;i'* order, must be of the form 

d(P, X, y,y\ . . . . y("'0, P) dP . 

that is, the result will, when our method applies, be divisible 
into two factors respectively of the «'* and (« + 1)'* oi*ders. 

rfP 

The factor of the (n + 1)'* order, -j- gives an integral of 

the 71** order, P = a, and, from this, finding the value of 
y(»), and substituting in the given equation, we should have 
a complete integral of it. 
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The other factor of the «'* order equated to zero, will 
enable us to eliminate yi*) from the given equation^ thus 
obtaining a relation between a?, y, y, . . . . y("~0, which 
does not involve a constant, and is the singular solution 
required. 

It will be seen that the process is analogous to that em- 
ployed to obtain singular solutions of those equations of the 
first order, which come under the form y = /?ar + P, treated 
of in page 44. 

Ex. The equation (/)« — ^^ +1=0, gives, by 

nc 

diflTerentiation, 

which may be put in the form 

The first factor, which is of the second order, equated to 

zero, gives y = — , and substituting this value in the given 
equation, we have the singular solution 

which is the same as we have previously obtained. 

The other factor gives ?^ = -, /, y = -, and substituting 

this value in the given equation, the result is 

a? — 2ay + a^ = 0, 
which is the complete primitive of the first order. 



CHAPTER VI. 



ON THE SOLUTION OF SIMULTANEOUS EQUATIONS. 

When we have two or more differential equations between 
three or more variables^ which are to be all satisfied by the 
same values of these variables^ these equations are called 
simultaneous. The investigations connected with such equa- 
tions properly belong to this part, because^ as will be seen, 
the integrations to be performed are only those of equations 
between two variables. 

We shall proceed at once to the solution of some of the 
most useful forms. 

Firsty let (ax -{- by)dt + dx — (1), 

(alx + b'y)dt + dy=iO (2). 

Multiply the second equation by an indeterminate quantity 
k, and then adding the product to the first, we have 

{{a + kd) a: + (6 +kb') y\ dt + dx + kdy = ... (3), 
which will be integrable, if dx + kdy multiplied by some 
constant is the differential of the quantity multiplying dt; 
therefore, taking A, a second indeterminate quantity, assume 

A (ar -f %) = (a + ka') a? + (6 + kb')tf .... (4), 
whence, equating the coefficients of x and y^ we have 

hz=za-^kal;hk = b^ kb\ 
and from these we are to find k and h in terms of a, 6, a', 6'. 
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Since the equations for k and h will be of two dimensions/ 
each of these quantities will have two values^ which we will 
represent by A, K^ and A, hi. 

Then let (5) . . . a? + Ay = m ; a? + A'y =: w' . . . (6) ; 
and /. (7) . . . rfir + kdy = rfw, dx + Hdy = rfw' . . . (8), 
if we make in (3) the substitutions (4), (5), and (7) ; (4), 
(6)^ and (8)^ we shall have the equations 

(9) • . . hudt + rfw = 0; hlii dt + du' = . . . (10), , 
the integrals of which are 

Substituting these values of u and ti in (5) and (6), we 
shall have 

x + ky z=z Ce-^, a; + % = C^e^^*, 
whence 

^= ' k^u — (")' 

Then x and jf being expressed both in terms of t, corres- 
ponding values of these for any given value of ^ may be 
determined, or, indeed, t may be eliminated. 

When it = A' and h = A', these values of x and y become 
infinite; but, in this case, the equations (5) and (6) are 
reduced to one, which is 

a; 4- Ay = w; 
also, the equations (9) and (10) become 

hudt 4- cf w = 0, 
which gives 

u = Ce""** = a? + kyi 
.\ X = Cer^* - ky (13). 

Then substituting this value of x in equation (2), and 
putting b'— cik = /, we have 

dy + lydt + aVe-^dt — 0, 
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the integral of which is 

yeit^^^^f^^C,.. ..(14), 

and the equations (13), (14) give x and y in terms of r. 

Again, if the values of k and h be impossible, suppose 

A or A' = p ± ev^^T, 

Then, substituting in (11) and (12), and making use of the 
exponential forms for sine and cosine as we did in page 64, 
for the linear equation, we get 

X = e-P«.{(c''-C2^)co8«< + (c'+C^)8infl<,}, 

r C C 

y = e-P*. {gg <^ ^' — gg sin d« j , 

where C = (C,-C)^^, 
and C = (C,4-C). 

Secondly y to solve the eqiuUions 

(az + hy) dx + cdz + edy = X rfa?^ 

a, J, c, rf, e. A, t, *, ; being constant, and X, X^ functions 

of 0?. 

Eliminating successively dy and dz between the two equa- 
tions, we get 

\((d - eh)z + (hl-ei)y\dx + (cl^ek)dz = (/X-eX,)rfa?, 

|(cA-aA)ar + (ci-J%^rfa: + ((j/-c*)rf&== (cX^-.*X)rfa?; 
if we divide by cl — ek (and for conciseness put 
^-^h U - ei ,, /X-cX ^ 

in the first equation, and the similar quantities equal a\ h\ 
X^^, in the second) the two become 

{dz + lly)dx + rfj? = ^„dx, 

(a"z+¥y)dx-\-dy^XdT, 
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Then, to solve these, multiply the first by an indeterminate 
factor (i, and add the product to the second, and we have 

which becomes 
ib'P+bf). [^^±^z+y} dx+pdz+dy^C^X.+XJ dx,... (2), 
then /3 being indeterminate, we may suppose 

h'^ + b" " ^' 

which will give us a quadratic equation for determining two 
values of /3; viz: |3' j3'', which values successively substituted 
(2) will give us the two equations 

(Jb'pl •hV){^z^-y)dx^^'dz+dy = 0'X,+ XJ(te, 
{b'^''^V){^"z^y)da:^^"dz+dy = (/3'X,+ Xjefo ; 
which, putting h'ff-^b" = ji, 

^z-\ry = n', fi''z^-y = u"i (3), 

become 

p'u' dx + du' = X^dxy j/'v!' dx + pu" = X^dx, 

which are linear equations of the first order, from which u' and 
t^ must be found in terms of x and ^, and from equations (3) 
we have 

therefore, substituting the values of u' and u", we get two 
equations between the quantities x, y, z. 

Thirdly i to integrate the eqiuttions 

{Mz + No? ) (fo -t- Pdz + Qdx = T* 1 .... (1), 
{M!z + N'ar) dt + F'dz + Qdy =z Tdt J .... (2), 

when all the coeflSlcients are functions of the independent 
variable t. 
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Multiply the second by an indeterminate function of t, 
and adding the product to the firsts we get 
|(M + M'e)« + (N+N'fl)ar|rf^+(P + Fe)efe + (Q+Q'»)rfir 

= (T+re)*, 

or (M+M'O). {z + 1^} dt+F+Ve. {dz+^^dx} 

= (T+T0)d£ .... (3), 
which equation would be of the first order between two 
variables if we had 

because, putting z + ^ , |^/g ^ — ^ (5), 

equation (3) would, after dividing by P + F©, become 

+ P + pF ~ F+F5 • ^^' 

This is a linear equation of the first order, and may be in- 
tegrated. 

But in order that the relation (4) may hold, me must have, 
at the same time, 

Q + Qfl N-f N^e , ,/N+N'e\ ^ 

PTF0=M + M'd^ ^""^ "^iwTWeJ == ^^ 

therefore, eliminating d from the second of these equations by 
means of the first, there will remain a relation between the 
coefficients M, N, P, Q, M', N', F, Q'. But when the co- 
efficients are constant, the second equation is satisfied by 
taking 9 = constant, and the first equation will determine two 
values of 0. Therefore, representing 

the two values of 6 by 6^ O^, 

.M-hM'e, 

N + N'd 

• • • ""^ WTWe ^^ ""y ""^^ 
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and substituting these values in equations (5) and (6)^ and ob- 
taining the two corresponding integrals from equation (6), we 
shall have to eliminate L 

Fourthly, simultaneous equations, in which the functions of 
the independent variable and their differential coefficients 
amount to the same dimensions in every term, are easily solved 
by assuming x = e"**, y = ae™* . , . .^ (t being the independent 
variable), and substituting in the equation, when the whole 
will be divisible by e"*', and we shall have algebraic equations 
for delermining m] a, 

then substituting e^* and its differential coefficients for a?, and 
its differential coefficients, and ae^ .... for y, .... we get for 
determining m and a, the equations 

2»i2 + m + 1 + a (wz* + wi + I) = 0, 
fi^+96«t — 9 + a(w2 + 50m + 15) = 0. 
Eliminating a we get for m the equation 

m* + 4m3 - 7m« — 22m + 24 = 0. 
The values of m are 1, 2, — 3, — 4, and the corresponding 
values of a, are — f, —V* — t * — fl> 

andy = - f Cy ~ y C^e^ - V' C^c^' -^HC^e'^K 
From these ^ is to be eliminated. 



o 



CHAPTER VII . 



OS THE APPROXIMATE SOLUTION OF DIFFERENTIAL 

EQUATIONS. 

When other means do not enable us to find the integral of a 
given equation, we must have recourse to some method of 
approximation. 

The first which presents itself, is deduced from Taylor^s 
theorem. 

Supposing y = f(x)y the integral required, we have, by 
Tayloi^s theorem, 

J(^x + n)-jx + ^^n+ ^^^ J 2 + ^^ ^^^ .... 

.-. f(a + A) = A + A'A + A" il + A"^ 

dfx 
representing by A, A' . . ., the values of /a?, ^ , . . . . forthe value 

(a) of 07. 
Then, if A = (x — a) this series gives us 

fs=y = A + A'iai-a)+ A" -^ff^' + A"(-£=|-'+. . . 

then, as we have shewn in page 4, as many of the quantities 
A, A' . . . . will be arbitrary as there are units in the order of 
the equation, and the other coefficients may be determined, so 
that we shall have a series for y in tei-ms of x, which will give 
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US the value of y with great accuracy for any value of x nearly 
equal to a^ and since the value of a may be any we please, a 
value of y may be determined corresponding to any given value 
qS X. 



Ex. Let x:!= ^^" "-yy •*• ^ = 1^^* — M» 

/. A'" = fm« {n — l)a*-*— /»wa»"^ + mO' — - Af , 

/. y = A + (ma"— A) (or— a) + (/w«a«"'— ma" +A)^—Y~^ 

+ \mn (n — 1) a»-2 _ mna^'^ -\- ma^ — Af i o<i + • • • 
is the series for approximating to the value of y. 

The above process sometimes fails, in consequence of a 
failure of Taylor* s theorem, for the particular value (a) of x ; 
in this case we must proceed by the method of indeterminate 
coefficients, as follows. 

Put {z+d) for or, and (w+A) for y, in the given equation; 
then, if from the equation thus transformed, we can find a 
series for u in terms of z, such that m = 0, when sf == 0, and 
substitute in the expansion x^ a for Zy at the same time 
putting y — 6 for w, this expansion will enable us to approxi- 
mate to a value of y; and since it contains the arbitrary 
constant 6, this value will be the complete integral. 

To obtain the expansion, we must assume 

u = A2* + B^^ + C;5'^+ .... 
when differentiating this series, and substituting the values 
of the differential coefficients in the given equation, we shall 
have an expression which we may assume identical with the 
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equation, and from tbi9 condition the quantities A^ B, C . • ., 
o> 0* T> • • • will be determined. 

If we had assumed a series y = Ajx*^ + Bd^ + • • > • ^ 
once^ without making any transformation^ we might find a 
series for y in terms of Xy but not involving any arbitrary 
constant it would not be the complete integral. 

Ex. Let dy + yd^ = n^x^ dx, 
therefore, putting (n 4- 6) for y, and {z + a) for jr, 
rfw + (w + 6) flfe = w (ar 4- aY dz . . . (I), 
then assume u = Asf** + B«^**+^ + C;8*-*+ . . . • > 
therefore, differentiating and substituting in (1), 

aAar*^^ + (o + 1) B;?" + (a + ^)C«"+*+ . . . 

+ 6 + A0" + B0"+i + . . . . ^ -- 0. 

72—1 

z 

Then, in order that this quantity may be equal to nothing for 
all values of ar, a must = 1, and the coefficient of each power 
of z must be separately equal to nothing, therefore we get 
A = (mc^—b), 

^^ o — — ' 

C = ^^ , 



... 



therefore we know the coefficients of the assumed series 
which gives 

^ — 6 = A (a? — a) + B (a? — «)• + C (* — a)« 

= (wa» — 6)(a: — a) + — j-g X_-(4; — a)H, . . • 

which is the same as that obtained by means of Taylor*s 
theorem. 

Sometimes the previous transformation of the equation is 
unnecessary, an arbitrary constant being introduced by the 
process itself. 






• » 
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Ex. 04.C4?*y=:O, (1), 

jassume y = Aor** + Bas*^^ + Ca?«+^+ . . . 
^*=o(a ^1) A***-* + (a + S)(tt + 8- 1).B^^« 

+ (a + 28)(a+ 2S- \).Cxf^^^^ + . . . . 

ca?»y = c.^Aa?»+« + Ba?^*+« + Cir*+«*+» + . . .f , 

and the whole sum of these must be indentically nothing. 

But we see that o (o — 1) Aar**** is (he only term involving 

X ^*'~^ ; therefore^ unless we were to suppose » = — 2, which 

would only be taking a particular case of the given equation^ 

we must have 

a(a-l)Aa:"-« = 0, 

/. a = 0, or a = 1 ; 
then we must have 

(a + 8) (a + 8 - l).B^+«'« + cAar"+" = 0, 

/. 8 — 2 = », 
or 8 = (71 + 2), 
and we shall have for determining the coefficients^ the equations 

(a + 8) (a + 8 - 1).B + cA = 0,* 
(a + 28) (a + 28 - 1)C + cB = 0, 



The number of coefficients isgreater by unity than the number 
of equations^ therefore one of them will remain arbitrary ; also 
two series will be founds one corresponding to a = 0^ and the 
other to a = 1. Each of ihem^ then^ will contain an arbitrary 
constant^ and therefore will be a particular integral^ and their 
sum will be the complete integral; it is 

Aca:"^ Ac«ar«»+* 



A 



(n+ 1) (n+2) "^ («+ 1) («+2) (271+3) (271+4) 



+ • 



• • • 



(7i+l)(7i+2)(27i+3)(27i+4)(37*+5)(37i+6) 

+^1^ (»+2)(7i+3)'*'(7i+2)(7j+3)(27i+4)(27i+5y 
' + 



{n + 2)(7i + 3)(272 + 4)(27i + 5)(37i + 6)(37i + 7) 
where A A, are the two arbitrary constants. 
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There is another method of approximation depending on 
continued fractions^ but as the process does not appear likely 
to be of much general use, we shall merely refer the reader 
who is curious about it, to Lacroix^B large work on the Dif- 
ferential and Integral Calculus; where he will find many de- 
tails on the subject, which our limits prevent us inserting. 



PART II. 



ON DIFFERENTIAL EQUATIONS 



BETWEEN THREE OR MORE VARIABLES. 



CHAPTER I. 



DEFINITIONS AND GENERAL CHARACTERS, 

We know, by the Differential Calculus, that if z be a 
function of two independent variables x and y, there will be 

two differential coefficients of the first order, viz. -r->andj-i 

ax dy* 

and three of the second, viz. -^-^ , . , and ^-j ; and, simi- 
larly, if z were a function of three independent variables, 
there would be three differential coefficients of the first order, 
and so on. 

Hence it appears that the equations arising from the dif- 
ferentiation of functions of three or more variables, will differ 
materially from those which we have hitherto considered; 
and, therefore, peculiar methods must be adopted for their 
solution. 

They are generally divided into two classes: — 
1st. Total Differential Equations, which are those involving 
the differentials of all the variables contained ; and 
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2nd. Partial Differential Eqtuitions, or those involving 

one or more of the partial differential coefficients of the de- 

pendent variable. 

Thus 

Pdx + Qdy + Rdz + Sdt =0 

is a total differential equation between the four variables 
^f Vf sf, tf while 

is a partial differential equation in which z is the dependent 
and Xf y, t the independent variables. 

Of these two classes^ the latter (which forms the subject of 
the third chapter of this part) is by far the most important^ 
inasmuch as partial differential equations are frequently met 
with in the researches of Natural Philosophy, while total 
difierential equations are of comparatively rare occurrence. 

The subject of equations between three or more variables is 
one of great extent, and if treated in detail, might of itself fill 
a volume ; but, fortunately, those parts of it which are of 
most practical utility in the present atate of ptiysioal sokoee, 
may be pursued without reference to the more profound and 
theoretical investigations of analysts ; thus becoDGung available 
to the general mathematiedi student 



CHAPTER II. 



ON TOTAL DIFFERENTIAL EQUATIONS. 

The general form of a total differential equation of the first 
order between three variables, is 

Fdx + Qdy + Rdz = ; 
where P, Q and R are functions of x,y and z. An equation of 
this form is not always integrable, nor does there always exist a 
factor which will make it so ; for, as we shall presently shew, 
a certain relation must hold between the coefficients P, Q, R, 
in order that any one of the variables may be considered as a 
function of the other two, or (which amounts to the same thing) 
in order that the equation may admit of an integral of the form 

fi^s yy «) = C. 
There are, however, several cases of the equation which are 

easily integrated. 

Sect. 1. On Equations integrable by the separation of the 
variables and other algebraic artifices. 

When an equation can by any means be put in the form 
Xcte + Ydy + 2tdz = 0, where X, Y, Z are functions of ar, 
y, z respectively, the equation may. be immediately integrated, 
giving 

/X(& -{-fYdy^fZdz = C. 

Ex. 1. dz '-h ^,V+^, vrfy + n \/\±^.dx = 0, 

yO+y') '^ V \^x^ 
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dividing by ^1 + z*, the equation becomes 
dz dy , ndx _ ^ 

d% 

therefore, integrating 
log.(2 + VT+1?) + log. y-log.\^rT!^+ » log.(^ + ^1+^) = lo&C' 



"'^^e-Tf7)*-;^=°> 



Ex. 2. (a;* + y*) d^j = (0 — d)(xdx + yrfy), 

. rfg __ xdx + yrfy 
* * 5? — a jp^ +y^ ' 
/. log, |C(ar - a)| = i log, (x' + y«), 
.-. C« (« - a)« = ai^ + y^ 
The variables are frequently separated by a proper sub- 
stitution. 

Ex 3 ^% — ^^^ + g^ ~ ydx _ Q 

{x — y-i-zf 

then assume a? — y 4- 25 = ^, 

/. y z=L X •{- z — ty and dy =: dx -^^ dz^ df ; 

whence J by substitution > the equation gives 

tdx — xdt __ ^ 

/. y = C, or ^ = C. 

t x—y^z 

Sect. 2. 0« ^Aa criteria of integrability, and the in- 
tegration of equations which satisfy them. 

When a total differential equation between three variables 
is proposed, we have two things to determine about it before 
we attempt its integration; and these are, — first, whether it 
is the complete differential of a function /(ar, y, «) = C; and, 
secondly, if it be not so, whether there exists qjiy factor which 
will make it so. 
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To determine the conditions of integrability of the equa- 
tion dz = Vdx 4- Qrfy, where P and Q do not contain z. 

If the equation is integrable, or, in other words, if x can 
be expressed in a function of x and y, then 

- dz J dz J 

therefore, comparing with the given equation 

V-—- O - — 
^-dx' ^~dy' 

dP dz dx dQ, 

* * dy '^ dxdy "" rfyrfa? '^ dx' 

therefore, the condition is 

which is the same as with equations of two variables. 

Cor. The method of integration will also be precisely 
similar to that for equations between two variables, except 
that instead of having /(a?, y, C) = for the integral, w^ 
shall have z = f{Xy y, C). 

dx 
Ex. 1. dz = :7f=^ + adx-V 2bydy, 



gives 



5r = C + log, (x + VT+^) + «^ + *y*- 



Ex.2. ^ = i.{., + ?^^}. 



.'. a = log, y + Va;3-y» + C. 

To find the condiHons that the equtOionFdx+Qdy + Rdz 
s= may 6e immediately integrable. 

•Suppose th« equation to be the complete differential of 
f(3>, y,z) = C; then 
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^~ di '^^ dy '^- dz ' 

. dQ _ d.f{x, y, z) __ d.f{x,y,z) _ dR 
* * dz dydz dzdy dy ' 

.dQ rfR 

' ' dz'^ dy* 
and proceeding in a similar manner with the other differential 
coefficients^ we should find^ on the whole^ the three equations 
of condition^ 

dQ dR dP dR dP dQ 
dz '^ dy * dz"" dx* dy dx 

Given the equation "Pdx + Qdy + Rdz = to find the 
condition that it may he a perfect differential^ or that ther^ 
may exist a factor which will make it so. 

Suppose fi the factor in question^ 

/. fiPdx + fiQdy + fiRdz = 

is to be a complete differential; and ou.the separate sup- 
positions of X, y, z being constant^ we have respectively the 
equations 

fiQdy + fiBdz = 0, 

fiTdx 4- ijRdz = 0, 

fiPda? -f iiiQ% ==? 0, 

which must each of them be perfect differentials; therefore^ 
we must have 

dfxR d.fiQ d.fiR dfiV d.fjtQ __ d.fiP 
dy "^ dz ' dx '^ dz * dx "^ dy ' 

OTj^ performing the differentiations^ 

'••(f-s+»l-«i=''' 

'•(s-s)+«g-'l='>. h*^ 

'* \dx dy) 



'dQ dP\ ^ dn ^dn ^ 
+ Q:r — P-r — 0. 



dx 



dy 
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N0W9 multiplying the first of these equations by P^ the 
second by — Q^ and the third by R^ and adding^ the sum is 
divisible by /i, and gives us the equation of condition, 

ay ay dx ax dz az 

which being independent of fi^ shews that whatever fx be, the 
equation cannot become a perfect differential, unless this re- 
lation exist between P, Q, R ; or, in other words, that unless 
this relation exist, we are not at liberty to suppose one of the 
variables a function of the other two. 



CoR. I. When the condition is fulfilled, the determination 
of jLi depends on any two of the three equations (A). 

CoR. 2, The equation of condition may be put in the 
form 

■'•ri-s)-«(f-s)-«(s-D=''. 

in which each term will separately equal 0, if the equation is 
integrable without the introduction of a factor, for each of the 
quantities in the brackets will equal 0, as has been shewn in 
page 108. 

To integrate the equation Vdx + Qrfy + "Rdz =■ 0, when 
it satisfies the criterion of integr ability, (first method.) 

Consider x and z variable, but y constant, and our equa- 
tion becomes 

Vdx + Rrfs = 0, 

and integrating on this supposition, a function of y must be 
added instead of a constant of integration ; 

/. fVdx -f /Rrfjf + Fy = integral = /(a?, y, «) suppose, 
or ^{^y yy *) +■ ^(^> yy «) + Fy, = f{x, y, «) . . . (a). 
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Tbeo^ differentiatiiig this with respeti to y, and lepwseot- 
ing the difbrential coefficient of if^x, y, x) with respects to 
y, by ^f/y, .... we have 

or 4,'y + ^y + Fy = Qj 

/. Fy =/<^|Q - ^'y - ^'^ + C 

is determined, and its value, substitated in equa^on (a), will 
give us die complete intqpraL 

Ex. J^+^£^^+^^=0. 
(a— x) (a— «)(«—«)* 

Then^ supposing y constant^ and integrating, we have 

xy 



(a^z) "^ ^^ ~ *^® integral (a), 

= /(ar,y,«) suppose; 
therefore^ differentiating with respect to y 

{a—z) "^ ^ dy ' a—g' 

.\ Fy = 0, 
/. Fy = C, 

and substituting this in (a)^ we have for the integral 



a?y 

a — z 



+ C =0. 



7b integrate the equation Vdx 4- Qdy + ISLdz =2 0. (second 
method.) 

Suppose du = Vdx + Qrfy + Rrfar, where u is some func- 
tion of X, y, z. 

Then we may assume 

w = /Pflte + F(ar, y) ; 

.'. = ^(;r, y, ar) + F(z, y). 
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where ^ is a function known from the integration^ and F(z, y) 
is a function to be determined. 

Then^ difierentiatmg with respect to y and z separately^ 
we have 

representing the differential coefficients as before; and from 
these two equations^ F'« and Fy being found, F (x, y) may be 
determined, and therefore 

u = ^(x, y,z) + F («, y) 
will be known. 

g^ ydj, + xdx + zdz ^ zdx-sdz ^^^^ 

V y« + ip« + 2f* x^'\-z^ ^ 

In this example it will be simplest to suppose x and z 
constant; 

= Vy* + ** + «» + F(8, J?), 

' ■ dx s/yi ^af* + z* ^ ^ «* + z« v'y»+a;*+2*' 

z 



.-. Fa: = 



a^ + a»* 



*^' <fe V^+^T^''' ~ Va;«+yH«»~a;«+«* "^^' 



.•. Fz = z — 



Now, integrating Fx, considering z constant, we hare 

F(a;,2r)=tan->|+Zj 
therefore, difierentiating with respect to z. 
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hence F(ar, z) = tan"'- + ^ -|- C, 

/. M = \/y» 4. ^+ j^a ^ **""*^^ 2 + ^ == ^ 

is the required integral. 

ythe equation Vdx + Qrfy + Rcfe = 0, Je homogeneous ^ 
and also satisfies the three equations of condition in page 108, 
it may be immediately integrated ; but if it only satisfies the 
one equation of condition in page 109, we must find a factor 
which will make it integrable. 

To find the integrating factor ; suppose the complete 
primitive to be u =/(a?, y, z) = C. Then, since C is arbitrary, 
this may take the form f{Xy y, z) = 0, which being homo- 
geneous, may be put in the forms/ (-, - j= a ; ^ ( *"") = ^ ; 

and, in order that these may hold, the variables must be so 
connected, that if x become (1+a) ^ a^^d y become (1+a) y, 
z becomes (1+a) 2;, and therefore u becomes (1 +a) "«« where 
n is the dimensions of u. 
Then, by the expansion of a function of three variables, 

+ terms of o?y a? , , . . 

and since a is indeterminate, we may equate coefficients of like 

powers of a. 

du du du 

if fi be the factor which makes the equation a perfect dif- 
ferential. 

nu PiTQy+HF"^ 

1 
therefof e, the integrating factor is p jz p- • 
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Cor. If Pdx+Qdff+ "Rdz = satisfies the three equations 
of condition^ page 108^ it is a perfect diflbrential ; and^ fiiere* ' 
fore, 

nu ^Vx + Qy+ Bjg; 
or if m be the dimensions of P, Q, R, we have for the in- 
tegral 

Tx + Qy + Rg _ ^ 
m + 1 

Ex. The homogeneous equation 

(y + z)dx + (a? + «)flfy + (i? + !f)dz = 
satisfies the criterion of integrability, and^ in this case, oi :=r 1 ; 
therefore the integral will be 

(y + z)x + {x + z)y + (x 4- y) g _ /^ 
2 ^ C, 

or XJf + ffZ -^ XZ := C4 

It is evident that this method may fail when m = •— 1, for 
then the denomitlator in the above will become r= ; hence it 
is not applicable when the equation has been made a perfect 
differential^ by means of the factor found as above. 

Sect. 3. On EquaHons which do not satisfy the criterion 
of integrality. r 

As we have already shewn, unless the coefficients of the 
equation P(£r4-Q(^-f R^^ = have a certain relation to each 
othec^ we are not at liberty to assume that any one of the 
variables is a function of the other two, considered as inde« 
pendent of each other ; and, moreover, tliat no factor can be 
introduced, which will make such an assumption allowable. 

For a long time equations not satisfying this condition 
were looked upon as paradoxical, and devoid of any geome- 
trical signification ; but Monge has shewn, in the Memoires 
de PAcademie des Sciences de Paris, 1784, that all dif- 
ferential equations between three variables admit of geome- 
trical interpretation ; and that these, in particular, represent 

Q 
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(each) on infinity of curves of double curvature, to which aome 
common property belongs. 

To find the geometrical signification of an equation which 
does not satisfy the criterion. 

Suppose Ydx + Qdy + Hdz = the equation. Then, 
since we are not at liberty to suppose z a function o{ x and y, 
while X and y are independent of each other, we must assume 
some relation between the variables, so as to find two equations 
between them involving an arbitrary function. 

• • 

Ex. 1. dz ^=^ xy (xdx + ydy) does not satisfy the cri- 
terion ; it may be put in the form 

and this equation will be int^grable i^x and ,y be so connected 
that 

yafl^^^Vx (1) 

therefore, assuming this to be the case, the given equation 
gives the integral 

z^^+fVx.dx <3>. 

The equations (1) and (2) satisfy the differential equation, 
and in them the form F is arbitrary, and, therefore, an in- 
finite number of pairs of equations (1) and (2) may be fi>rmed, 
which will satisfy the differential equation, and each pair will 
belong to a curve of double curvature. 

Again, the parts of the expressions which are unconnected 
with F, do not change when the form F is changed; and, 
therefore, the curves will have some common property be- 
longing to them. 

Ex. 2. dz = aydx -h bdy will be integrable, if 

y = ¥x; 
but if y = ¥xy dy = Far. dx; 
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tberefore^ substituting and integrating^ our two .equations are 

z = afYx.dx +b.Vx J 
and these will satisfy the diflerential equation^ whatever form 
be assigned to F. • 

Ex. 3. xdx + .y (dr + dy) = 0, 

assume a? + y = w, 
and our equation becomes 

xdz -f ydu = 0, 
and if we assume z = Ft^^ this gives 

{{x'Pu + y)\ du = 0, 
/. xVu -f y = 0; 
therefore, the two equations containing the integral of the 
given equation are 

rFF(a; + y) + y = ^ 

z =F(a? + y)/' 
We shall easily perceive that the given difierential equation 
will result from the elimination of the arbitrary function; for 
from the second we get, difierentiating, 

rfif = F (a: + y) (rfa? + rfy), 
and substituting the value of F (at + y) from the first 

flte = — ^ (da? + d3f)y 

X 

which coincides with the given equation. 



1 



CHAPTER III. 



ON PARTIAL DIFFERENTIAL EQUATIONS. 

A partial difierential equation is said to be of the w** order, 
and m** degree, when at least one of the difierential coefS- 
cients rises to the n*^ order> the exponent of the highest 
power of any of them being m. This chapter, therefore, will 
naturally divide itself into sections corresponding to the 
difierent forms. 

Sbgt. 1. On the nature and general properties of 
partial Differential Equations. 

It has already been stated^ that a partial difierential equi^- 
tion is one involving the partial differential coefficiepts of one 
of the variables taken with respect to the others considered as ' 
independent of each others hence, to perform their integra- 
tion, we are at liberty, as in the preceding chapter^ to assume 
either of the independent variables constant^ always remem- 
bering to add an arbitrary function of it, instead of a constant 
of integration. 

There exists^ however^ one important difierence between 
partial and total difierential equations; namely, that in the 
complete integral of the former, there will always be one or 
more arbitrary functions introduced, and, therefore, ibis 
integral will represent some one whole class of surfaces^ while 
the latter generally give integrals, each of which belongs to 
one particular surface. 
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To ehew how the arbitrary functions are to be account- 
ed/or. 

Suppose we have aii equation between x, y and z, in which 
z is considered a Ainction of the independent variables x and 
H, and Hi^i the equation, besides involving definite functions 
of X and y, also involves m arbitrary functions of these 
variables. 

Represent the equation by 

F, \^>y^ ^J(P)> *(Q), . . . ? = . . . . (1), 

where P and, Q are known functions, but the forms/, . . . . 
are arbitrary, and may be any whatever ; then, differentiating 
with respect to a?, and representing 

i^> b,/(P), 44«) b, ♦■(Q), . . . . 

we should obtain an equation of the form 

Fs{-.y.«.£,/(P)f,«'(«)f ....}=0...(2); 
also, differentiating with respect to y, we should have 

F,{*,y,?,|,/(P)^, «'(Q)^....} = 0...(3). 

Hence we have introduced m more arbitrary functions 
/'(Pj), i^'(Q) ..... and have obtained two more equations; 
similarly, differentiating these two equations -again, we should 
obtain three more equations respectively involving 

dH d^z ,d^z 

dx^'^S^/"^ Sp' 
and we should have m more arbitrary functions, viz./"(P), ^'^Q) 
; . . . ; and, similarly, proceeding to the n'* differentiations, 
we should have (n + l)m arbitrary functions, and 

1+2 + 3+ . ... . +(» + !) equations. 

We might, therefore, eliioiinate all the arbitrary functions 
obtaining a partial differential equation of the n*^ order, 
provided 

1 + 2 + 3 + . . , + (n + 1) is not less than (n+})m+l ; 
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ft 

that 18, if (3 + n) ^ be not less than (n -f 1) m. 



2 

or, '" 



', if m be not greater than ^-p^ — 4-v. 
' ^ 2 (a -f 1) 

Hence a partial diflerential equation of the f^^ order will 
have an integral involving ^ — "TTTS ^^^^^ functions, and 

there may be more, for it is evident that the elimination might, 
in some cases, be effected before the number of equations ex- 
ceeded the whole number of arbitrary functions. 

In general it will be found, that the number of arbitrary 
functions introduced is equal to the exponent of the order 
of the diflerential equation ; this, perhaps, arises from some 
symmetry in the form of the primitive, which, while it renders 
the equation integrable by the known processes, enables us, 
by differentiation, to eliminate the arbitrary functions before 
the number of equations is greater than the number of such 
functions. 

In each integration performed on a partial differential equa- 
tion of the n'^ order, (as we shall see) one arbitrary function 
is introduced; and, therefore, on the whole, n such functions 
will appear; but it has been observed by Poison, that wten- 
ever the differential coefficient relative to one of the inde- 
pendent variables is of a higher order than the diflerential 
coefficient relative to the other, the number of arbitrary 
functions in the integral may be reduced to the number 
expressing the order of the last mentioned diflerential coeffi- 
cient. 

As an example of this, we shall shew that the complete 

cPz dz 
solution of the equation -7-3 = -t- (which is not integrable in 

finite terms, by the ordinary methods) may be so modified, as 
to involve only one arbitrary function ; for, representing by 

^ fdz\ (d?z\ , , ^ dz d^z , 

<*)' \Tyh W) '^' df'--"^^ 



• • • 
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y = 0^ we have, by Maclaurin^s theorem, 
or, comparing with the given equation, 

which involves two arbitrary functions. But we may assume 

a? = A + ftF + y24- |-23 + 

^a? = A, + B^ + -jig- + jj^ + 

• ;s-A + At,-i-^4.^'y'+ ^2^ , Cy 
. . ar _ A + A^+ y^ + ^-2^ + ^;^^-\^ Y^MIB^ 

+ -^(C + C,y + )+ 

which will be found to be of the form 

« - *^y + «• -^ + 172 -^ + • • • • 

and, therefore, the complete solution obtained is reduced to 
one involving the single arbitrary function Fy. 

Sect, 2. On partial Differential Equations of the first 
order and degree* 

We shall first occupy ourselves with some particular forms 
easily integrable. 

To integrate the equation -j- = P tohen P is a function 
of x,y, z. 

If we consider y constant, we may integrate the equation 
between the two variables z and x, by the known methods; 
but we must add a function o{ y, ^y, instead of a constant of 
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integration^ ^ signifying a funoticNi absolutely arbitrary^ and 
as general as it is possible to conceive. 

Ex ^-tJJ^. 

dz dx 



and^ Integrating on the supposition that y is constant^ we 
have 

tan~> tan"' - = am ; 

y y ^^ 

Z — ' X 

= &n.^2^ —fy. 



If* + xz 

dz* 
To integrate the equation ^-y*- = P, the process will be 

exactly similar; x is' now. to be cbhsidered coiistant in the 
integration^ and an arbitrary function of x is to be added. 

Ex ~ _ y(^ + ^) 

dy Vix^ + y2' 

/• log, (x+ ^) = "^cFTf +/^. 
7b integrate the general eqtmtion of the first order. 

dx dy 
where M and N are functions of a?, y, and z. 

Assume F (ar, y, 2r) = to be the primitive^ and repre- 
senting the differential coefficient of this with respect to :e by 
Vxy and similarly for the other variables, we have 

dz _ differential coefficient with respect to x ___ Fx , 
dx~^ diflerential coefficient with respect to « ~" ~" Wz * 



and, similarly,^ = - p|. 
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Then^ substituting these values in the given equation^ and 

multiplying the whole by ¥*??, 

Far + MFy+NF« = 0, 

/. Fa? =; - (MFy + NF«). 
BNit 

rf.F(a?, y, z) = fx.dx + Fy.rfj/ + F«.rf«, 

== ^ (MFy + NF;?) dit+Fy.rfy+ F^r.dif; 
= Fy (rfy - Mdir) 4- F«(d» - Ncfe). 
Now the only condition required is, that this should equal 
zero, which it evidently will if we are able to assign any 
relations between the variables Xy y^ z, which will simul- 
taneously satisfy the two equations 

€^ — Mda? = 0; dz--Ndx = 0, 
«nd these two equations will give us a third, vie : 

dz — =jj|r cfy = 0. 

In the first place, suppose we are able to integrate any two 
of these equations, obtaining the integrals P = a, Q = J, 
where a and b are constants of integration. Then, by means 
of the two relations thus established, the values of x, y, z, 
might all be expressed in terms of the constants a and 6, and 
one of the variables; and supposing their values substituted in 
F(Xf y, z)y it would take the form ¥{x, a, 4). But we know 
that Ais quantity is to equal zero, and this cannot be the case 
generally y unless the terms of x are such as to destrqy each 
other, therefore the integral is F (a, b) = 0, in which we 
must put the values of a and b in terms of the variables, 
whence we have 

F(P, Q) = 0, or Q = ^P, 
which is the required primitive. 

Secondly, if only one of the three assumed equations can 

be integrated, we may, generally, from its integral, determine 

some relation between two of the variables which will enable us 

to eliminate one of them from one of the remaining equations, 

thus rendering it ii^tegrable ; and if the two equations give the 

R 
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integrals P and Q, the primitive of the given equation will> 
as in the previous case, be Q = <f!P. 

Cor. It is evident that the integrability of the equations, 

and therefore the success of the method, depends on M not 

N 
containing s, or N not containing y, or » not containing x. 

Ex. 1. Let the equation be 

dz . dz 

therefore the two first equations give us 

dy — 5. rfa? = Oj dz rfo? = 0, 

which are both integrable, and give 

- = a, — - = ^, 

z x^ 

therefore the required integral is 



^ = ^(D,or* = :r-«g; 



Ex.2. Leta;g + «| + y = 0; 

the three equations become 

xdy—zdx = ; xdz+ydx = 0; zdz+ydy = 0, 
of which only one is integrable, giving 

«*+ y^ = a*, suppose, 

and this integral gives us y = s/c^—^^ therefore, substituting - 
this value in the second equation, it becomes 

xdz + dx s/a^— z^ = 0, 
dz ^_n 

/. sin"^- + log^a? = log^ i, suppose. 
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or substituting in the first side the value of a in terms of the 
variables^ we have for the complete integral 



sin"** 



Similarlj/y toe may integrate the equation 

where the coefficients are functions of a?, y, z, t, of which jt, y, 
and t are considered the independent variables. 

Assume F (jr, y, jg, ^) = to be the integral, then 

dz_^x ^__FV dz _ Ft 
dx^ Wi' dy^'^Yz' dt^ Yz' 
therefore, substituting in the equation, it gives 
Pic = - (PF;5 + MFy + NFO. 

But dY(jc,y,z, t) = ¥x.dx + Fy.i«5^ + Yz.dz + Yt.dt; 
therefore, substituting the value of For, 
Fzidz-^dx) + Yy(dy - Mdx) + Vt(jit^lidx) = 0. 

Now that this should equal is the only condition requited, 
and therefore, as in the former case, we may assume each 
term to equal 0, which gives the three equations dz — Vdx 
= ; c^ — 'Midx = ; dt — Ndx = ; and, from these, 
others may be formed by combining them two and two. 

Then, if by any means we can obtain from three of the 
equations the three integrals P = a^ Q = 6, R = c, the 
function F(jr, y, «, f) might be expressed in terms of one 
variable^ and the constants Oyb^c ; and, therefore, as before^ in 
order that we may have the function equal for all values of 
this one variable, the terms containing it must of themselves 
vanish. 

Hence we shall have /(a, 6, c) = 0, or putting the values 
of a, 6, c in terms of the variables, our integral will be 
/(P, Q, R) = 0, or, which comes to the same thing, 

R = ^(P, Q). 
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ax X dg x di x 

then the three assumed equations become 

J? ^ X 

a; 
multiplying them all by x^ we obtain 
xdz — xrfy — j€£r + zix = 0; subtiactiBg 2"^ from !«'• 
arjy ~ arA — tdx 4- ftir = 0; subtracting 2F^ from 2*^. 
x{dz ^ dy -Y dt) — 2(a: + y + /)^ = 0; adding all three. 

The three integrals obtained from these are 

xz — xy = a; xy — xt = b, ^ =1;; 

therefore the integml of the given equation is 

oi" a? + y +€ = s^.^.\x{z — y), a?(y — 01- 

Sect. 3. On partial Differential Equations above the 
first degree. 

In the integration of these equations it will be useftti to 

represent the partial differential coefficients j- and j- by p, g, 

respectively. 

This being premised^ we know that if 2; be a funcljbn of 

X and y^ 

dz = pdx + qdy ; 

which equation, being integrated by parts^ gives the three 

following^ 

z =:px + fiqdy - xdp) (a), 

^ = ?y + /(pdx - ydy) (fi), 

z^px^qy -/{xdp + yrfy) .... (7). 

We shall frequently be able to facilitate the integration of 
our equation by substituting the value of p or y, obtained' 
from it, in one of the above expressions. 



To integrate an equetHon ofthejfbrm 

substitute Fq for p in the expression (y), and we have 

z ±= :tFq + yq ^f(x¥q + y) rfy; 

and, on the hypothesis that liiis is integrable, X'Wq + y 

must be a function of q without x and y, which condition 

gives us 

xFq-ypt^i/q (I), 

/. z + fy'q,f^ = xFq + jry, 

' or « +^y = xFq 4* jfj • . . . . (2). « 
Then if the form <pq be assigned at pleasure, or determined 
from the nature of the problem that gave rise to the differ- 
ential equation, the form ip,'q can be obtained by differentiation, 
and the integral of the proposed equation will result from the 
elimination of y between the equations (1) and (2), 

/. p = V^w2— 1 — j3; 

/. & ^ ^Vm»- !-(?* + i/q -f{y - ;^*^^)^5 
therefore we must have 

XQ 

and « + ^y = a? y/rril^ — 1 — /g® + yy; 
therefore, assigning the form of ^^ and determining that of 
0', y might be eliminated. 

As a particular case of the equation, suppose ^q constant 
= C, /. iflq = 0; then, eliminating q from the equations 

2 + C ^ ^ v^m* — 1 - gr« 4- yy 

we find s + C = V^(f7i2 — 1) (»^ + y^), which evidently 
satisfies the equation. 
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To integrate an equation of the form 

S»ppo» /(*,) = «,. •.F(|,y) = ((, 

from which equations we shall obtain 

Now, suppose u and z? to be the integrals of ;//(a?, fl)dir, and 
"¥ (jfy 0) dyy taken on tlie supposition that 9 is constant ; then^ 
difierentiating these again, we haye 

and, in order that this should be an exact differential, we must 
have 

—m — -**' l^...(a); 

/. 2 = «^ + t? -— 00 
then, eliminating 0from these equations, after having assigned 
the form 0, and, therefore, found the form ^ by differen- 
tiation, we shall have the required integral. 

T?v a^^ ^-^ af^y^ 

• ^ — . if? 
ap y^ 

Then, assuming each of these quantities to equal 0, we 
have 

^- - and^^= 2!?. 

and integrating these quantities, the first with respect to x 
as the only variable, and the second with respect to y. 



} 
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Then, if the form of 00 were assigned, that of ^'0 would be 
found by differentiating, and, therefore, might be eliminated 
between the two last equations. 

To integrate the general equation F(a?, y , z, p, q) = 0. 
From the given equation, find q in terms of the other 
quantities involved, and substitute in the equation 

dz = pdx 4- qdy. 

Then the problem reduces itself to the finding what func- 
tion of X, y, z must be substituted for p to make this latter 
integrable, which it can only be when 

dp dp dz dq ^9 dz _ ^ 
dy dz dy dx d% dx^ * 

^' dx dy^^dz ^ dz ^' 
and, since q and p are functions of x, y^ and z^ by differen- 
tiating the given equation, we should have 

dq = Kd/p + l^dx + Crfy + Tidz (1); 

••^-^3i + ^' Tz-^Tz"^^' 
and, therefore, the equation of condition may be put in the 
form 

This equation may be treated by the method in page 123, 
the three equations obtained from it being 

Kdy + rfa: = 
Aflfe + 0> A — q) dx 

The value of q in terms of />, jr, y^ z, is to be substituted 



= . 

V . . . (a). 
= J 
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in these^ and their integration will give a value of p in terms 
of X, y, z, which^ substituted in the equation 

. dz = pdx + qdy, 

will make it integrable, giving the integral belonging to the 
proposed equation. 

Ex. yi^^fi^, 
whence q = -7= j 

• A- — - B--^- C ^' 

Vy Vy 2y* 

and^ since the value of q does not contain z^ the three equa- 
tions (a) are reduced to two, which are 

^ ^ U 

These give us the integrals 

px = a, log^ a: + 2 V^ = J, 

therefore, the value of /?, to be substituted in the equation 

dz = ^rfa: + qdyy is 

1 ' 

p=~^pog.a? + 2v^^, 

and the value of y = -^. ^. ^log, x + 2Vy\i therefore the 

Vy 

equation becomes 

rfjT = ^ |log,a? + 2Vy^ (^+ ^) 

= « Gog,iP + 2V^) X rf. (log, a? + 2Vy); - 
/. ^=i/'Ilog,iP + 2v^|, 

when ;// is a perfectly arbitrary function; and */y may be 
taken ± i/y, (See Appendix^ No, X). 
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Sect. 4. On partial Differentiai Equations of the second 
and higher orders. 

There are some general forms of partial differential equations 
which are integrated without much difficulty. 

First, F{x,y,z,^^....^} =0, 

which may be integrated n times successively, considering y 
constant, and adding at each ihtegraticm an arbitrary function 
ofy. 

Secondly, F {^, y, «, ^. ^ • • • • ^} = 0, 

which is to be integrated on the supposition that cc is constant^ 
adding n arbitrary fimctions of a?. 

mrdly, F |:r,y, _,__,... _^| =0, 
which is reduced to tfie first form, with v in the place of z, by 
putting «^ = 3^- 

Having next found v in terms of > and py we shall have to 

d*^z 
int^rate the equation v =: -^r^ •=f(x, y), n times, on the 

. supposition that y is constant, each time adding an arbitrary 

function of y. 

The following are particular cases of the above. 

d^z 
To integrate the eqtmtion i^—f = M, wlien M is af\ 

tion ^ (c and y mthout z. 

dz 
Put -J- z= p^ therefore our equation becomes 



^unc- 



don 



dy "^^ 



then integrating this^ on the supposition that ^ is constant, we 

have 

p = fUdy -f ^'a:, 

s 
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therefore^ inlegrating again^ on the supposition that y is con- 
stant, 

z = fdxf^dy '\'ffftxdx •\'fy, 
or jr = fdxfiAdjf + ^ +^. 
It is evident^ that if it were more convenient, we might first 
integrate with respect to Xy and then with respect to jr, 
obtaining 

z z=:fdyfTAdx ^fy + ^. 

. dz Jy* . . 

7b integrate the equation -t-« = ^ 77- 4- Q> tt?A^^^ Pand 

uX ax 

Q are functions of x and y, 

dz 
This equation is linear with respect to -i~j and gives dp = 

(P/? + Q) dXy the integrating factor for which is c"/**^*. 

Integrating, we have 

where an arbitrary function ofy is added instead of a constant, 
because y has been considered constant in the integration. 

Now this equation must be again integrated with respect 
to Xf and another arbitrary function of y must be added, when 
we shall have a value of z, which is the required primitive. 

„ cPz , ^^ dz 

d^z (n -- l)dz ^ a 
ax^ X fix xy 



PARi:iAL DlFPBRfiNTIAI. KQI7ATIOMS. 131 

Comparing this with the above^ we have 

P» •— I -^ a 
= — T-; Q = — ; 

X xy 

and the first integration gives 

— — := — — — — - 4« X 

dx ^n—l)y 



(w — l)y « ^'^ 

To integrate the equation ^^ === M ^ + N, where M 

and N are functions of x and y, we have only to put -^ z=z p^ 

^tx 
and the equation becomes 

which is linear ; therefore, integrating first with respect to y, 
and then with respect to x, and adding the proper arbitrary 
functions, we shall have the required integral. 

Ex. Let^ = ^I+^^ 
dxdy ydx x 

then integrating first with respect to y, 

dz mi , , 

ayloSgX . 

To integrate the general equation, 

^ + ^^y+^^. + V = 0' 
where S, T, V, are functions of x, y, Zj p, and q. 
♦ _. d^z _ d^z d^% 

then dp = rdx + sdy (o), 

dq = sdx + tdy (fi) ; 

also dz = pdx + jwi^y, therefore, differentiating, 
cPa; = rdf^u* + 2$dxdy + ^rfy*: 



Q j • • • • (A), 
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Then^ if from equations (a) and (b) we get values of r and 
tg and substitute in the given equation^ whipb is 

it becomes 

rfo; +^*^ ^- rfy + V _ u, 
or 

dpdy+Tdq,(h+Ydix:dy'--8.(dy^--Sdxdy'{-Tdx^) =0 . . . (1), 
which equation is satisfied by the suppositions 
dp dy 4- Tdg dx + Vdxdy = 
dy^ — Sdxdy -\-Tdx^ 
If, in the latter of these, we make dy = irfa?, we shall find 
two values of A, which are the roots of the equation 

therefore, if these roots be k, kf, we have 

dy — kdx = ; dy — k'dx = ; 

and the first of equations (A), by the substitution of kdx for 

rfy, gives 

kdp + Trfy + \kdx = 0. 
Then suppose 

m,{kdp + Trfy + Ykdx) + w(rfy — kdx) = 0, 
and let m and ;2 be so taken that this is a complete dif- 
ferential, giving the integral F = a; and evidently this in- 
tegral will satisfy the given equation. Again, if by any other 
pair of values of m and ^, we can obtain another integral 
G = /3, this will also satisfy the proposed equation. 
Moreover, taking any constant a, 

rfF + odG is an exact differential, 
and the integral F + aG = c will satisfy the proposed 
equation a and c, being two constants ; but, also, if a and c are 
variable the above integral will satisfy the equation, provided 
that we equate to zero the result of the differentiation with 
respect to a and c, that is, provided that 

Gda = dc ; 
whence we conclude that G and c are to be functions of a ; 
and, therefore, a and r are functions of G ; 
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/. F = c — aG, 
= «G, 

will satisfy the proposed equation 0, being dn arbitrary func- 
tion. 

This will then be one of the complete first integrals, 
since F and G contain p and q, and proceeding in a similar 
manner with k' instead of k, we should find the other com- 
plete first integral F^ = ^Gp therefore the two first integrals 
are found, and from these the other integrals are to be 
obtained. 

Ex. To integrate the equation 

flPg ^^ dPz _ Q 

Comparing it with the equation 

r + S5+ T^ + V = 0, 
we have S = 0, T = — a^, V = 0, 
and the equations (A) become, in this case, 

d/pdy — a^dqdx = 0, 
dy^ -- a^dx^ =: ; 

from the last we have for dy = kdx 

dy ^=' ±. adx; 

therefore ± a are the values of i as above ; therefore, taking 

the first of them, the equation (B) becomes 

m {adp — a^dq) + n (dy -— adx) = 0, 

and the system of vahies m = 0, n— I, gives the integral 

^ — ax = G; 

and the system m = I, n z=z 0, gives 

p - ag = F, 

therefore our first integral is 

(/? — ay) = ^Xy — ax) .... (1). 

Similarly, proceeding with the second value of A, or — a, 

we get 

p + aq—fXy \ ax) . . . . (2). 

These are the two first integrals, and we have now to in- 
tegrate them in order to find the primitive. 
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By addition and subtraction 

p = J H'(y - or) +/(y -h ax)l, 

then^ substituting these values in the equation, 

dz = pdx + qdy^ 

dz^\ ^{y ■- «^) *«'— 2a *'^^ "^ ^^^ ^^^ 

+ 25 /(y + «^)^y + i/(y + ^^) ^^^ 

or 5J = F(y + aa?) + t/' (y — ^-^r). 
The equation to a vibrating chord is usually written 

d^ "" dx^' 
which is of the same form as the above, and therefore gives the 
integral 

y = F (a? + ftO + ^ (^ — bt)* 

Sect. 5. On the different kinds of solutions of partial 
Differential Equations. 

In the integration of total differential equations there is a 
constant to be added, and the same differential equation 
generally gives rise to the same primitive, or one diflering 
from it only in the particular value of the arbitrary constant. 
This, however, is not the case with partial difierential equa- 
tions, the integrals of which have a much more general signifi- 
cation than any algebraic equation from which such difier- 
ential equations could be obtained. 

For instance, the partial differential equation 

dz , dz , . 

" = ^3i + 2'^ <«)' 

being integrated by the method in page 122, gives the 
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integral z = ar^ f ^ j, which includes an infinity of algebraic 
equations^ among which are 

z ■=: ax •\' byy and z = ay-\ ; 

whereas, the expression (o) probably originated from some 

particular one of these, any of which may be considered 
the complete primitive. 

Suppose the primitive, from which a given equation has 

arisen, to be 

U = F(ar, y, z, a, J) = 0, 

where a and h are constants; then the differential equation 
would arise from the elimination of a and b between the 
equations 

rfU rfu ^ _ 

dx dz dx '^ * 

dU dU dz ^ J TT rx 
-J- + -r- -J- = 0, and U = 0. 
dy dz dy 

If, now, a and b be supposed variable instead of constant, 

cmr differentiations would give us the same results, provided 

we had 

^ = 0, and-^^-=0. ...O); 

and, hence, if we assume these two equations, and from them 

determine a = f(Xy y, z) = P, and b = ^(o?, y, z) = Q, 

and substitute P and Q for a and b in U, we shall have a 

function 

F(^, y, 0, P, Q) = 0, 

which will give rise to the same differential equation. This 
function is called the singular primitive. 

Again, we may shew that the primitive of the given differ- 
ential equation may have a still more general form than that 
just investigated ; for we may assume b = 0a, (where ^ de- 
notes any function whatever), which value substituted, would 
give 

U = F(.r, y, ;?, a, 0a) = . . . . (y) ; 
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and if, as before, this equation be diflerentiated, and the 

differential coefficient ^+ ^j^ -^ be equated to zero, 

we should obtain a value of a in terms of the variables, such 
that when substituted in the primitive (7), the derived equa- 
tion would be the same as if a had remained constant. The 
function thus obtained would be F(a?, y, z, P, ^P), which is 
called the general primitive ; P denoting the value of a, in 
terms of x^ y, z, found from the last condition. 

Supposing the complete primitive U = F(a?, y, z, a,b)^0 
to belong to a curve surface/ it is required to explain 
the geometrical significations of the general and singular 
primitives. 

First, we know that the general primitive results from 

the elimination of a between the equations 

J" 
F(^> ys «5 a, ^a) = 0, and ^ F(x, y, z, a, ipa) — 0; 

or^ which is the same thing, for the elimination of a between 

the equations U = 0, and -^ = 0, because, in this case, 

a is considered the only ind^endent parameter. 

But supposing U =: to be the equation to a surface^ if 
in this equation we suppose a to become a + Sa, the equation 

U + ^8a+ =0 

would belong to another surface of the same nature as the 
former one, but differing from it in the magnitude of the 
parameter a, and therefore, generally, intersecting it; and 
these two equations, considered as simultaneous, would de- 
termine the intersection of the two surfaces^ in which case 
they would reduce themselves to 
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or in the limit, when the values of a are supposed ^eonseeiitive, 
or Sa indeflRit^y small, 

U = 0, and ^ = 0, 
.da 

would be the equations to the intersection of. the two con- 
secutive surfaces corresponding to the particular value of a. 

This intersection is called the characteristic of the surfaces 
to which the equation U = belongs. 

Now the general primitive results from the elimination of 
a between these two equations, and it is evident, therefore, 
that it must be the equation to the locus of all the lines of in- 
tersection corresponding to all values of a. 

Again, the general primitive gives the same values of 

^ and -p that U = does, and, therefore, the surface re- 
presented by it will touch all the siufaces included in U = 0, 
in the lines of their mutual intersections ; hence it is called 
the envelope. 

Secondly t to explain the singular primitive ; suppose that 
in the equation 

U = (1) 

a and b are independent of each other, and that a becomes 
a + Sa, while b remains the same ; then the equation to the 
corresponding surface is 

U+^8flJ-h =0 .... (2); 

and if b is supposed to become b -f S6, while a remains the 
same, we should have a third surface represented by the 
equation 

U + ^86+-...=0.... (3). 

Now if we suppose Sa and S6 indefinitely small, the three 
equations 

u = o^ ^ = «' dj- = o^ 
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would deteqnine the point of intenection of the three sorfiioes 
in questioQ; but, if instead of determining x^ y, z firom these, 
we eliminate a and b between them, the result must be the 
equation to the locus of all the points in which the surfaces 
induded in U = intersect each other, three and three 
together: hence the surface represented by the singular 
primitiTe, is the locus of all such points, for, by our definition, 
the singular primitiye is the result of this elimination. 

' As, in the first case, the singular primitiye will give the 
same values <^ ^ ^^7* ^ ^ eomf^te primitive; and, 

therefore; the surface represented by it will touch all the 
surfaces included in U = at their points of mutual in- 
iof section. 
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EXAMPLES ON DIFFERENTIAL EQUATIONS. 



I. Equations in which the variables are easily separable, 
(Chap. n. Sect 1). 

(1). (a!« + ary + y») ^ = 8». 

Put X + y = u, and the equation becomes 

u^(du — (fo) =35 b^dx, 

•'. Ja? + c = tan"* T^ ^ , or y = itan (&i? + c) — a?. 

(2). (c* + y)rfa:-(|-+l)% = a 

MultiplyiDg by we get rfy = e*c&^ * 

/. y = c* + c. 

(3), y(l — cos^)cfo — sina;<fy =;; 0. 

Dividing by y sin ^^ each term becomes integrable; and if 
log^c be put for the constantj we get 

X 

tang 

smo? ' 

/. y = ^sec*g. 
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(4). dy — (ar + yYdx = lt*<bs. . 
Putting a: + y =s ar, and 1 + «■ = i", we get 

d% r 

in which the variables are separated ; in the case in which 
;« = 2^ we get ' 

a? + y = (I + a*) . tan.a: V 1 + a*. 

(5). To integrate the equation 

dx ^ dy_ ' _ ft 

^(A+lte+Ca!*+E«3+Fa^) ■^"•(A+By+Cj^+Ey'+Fy*) "" 

Consider x and y as functions of t, and make 

^ = V(A + B« + Cai* + Ear^ + Fx«) = V^, 

and^ = V(A + By + Cy« + Ey' + Fy«) = VY. 
Also^ assume a? + y = /i, and •a? — y = 3;; . 

, «Pa; rf^ _ rfX rfY 




we have 
g = B+Cp+ JE(p^+ g^) + iFM^ + 3y^)...(I), 

^ = X-.Y = Bj + C;7y + iEy(3p* + y«) 

Then multiply equation (1) by y, and subtract equation (2) 
from it^ and multiplying the remainder by --f-y and integrat- 
ing^ we get 

^ = v^X + VT = /? ^(c + Ep + F/>«), 

orV^ + VY = (« - y) a/|c + E(a; + y) + F(« + y)*| 
is the integral of the given equation. 
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Similariy, the integral of tbe eq«atioi> 
is i/X-. Vlf = (a:-y) V Jc + E<ar + y) + F(ar + y)^. 

« 

It is shewn in works on the Integral Calculus, that 
dx kdO 

y^ IS always reducible to the form ;jj?====^ where * 

and c are constants^ and c is always less than L 
By this transformation the equation becomes 

dd d^ _ 

V^l - e^Axi^9 ~ Vl - c« 8in«^ "~ ® ' 
and its integral found as.aboye^ is . 

v^l - cs^ sin^tf ± v^l -c^sin*^ == c^ sin (fi ± if). 

II. Equations which satisfy the criterion of integrability* 
(Chap. II. Sect. 2.) • 

(1). {ahf^3fi)da; + (Jfl +'rfte) dy^O, 

:. tt==a2yar+ ~ + Y, 

== b^y + a^acy + X ; 
therefore^ comparing^ the integral is 

(2). «% + (ar«y - a^) dip = 0, 

gives v^y — a'« = c. 

gives -jf — ax = e ^l — ifi. 

(4) ^ _. ^^-ydx 

gives log. ( ^ + ^^+ y' ) = 0, or :r + v'Sqr? = c 
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(S). (Aiy + y COB :g)dx + (jinx +zooBy)dy zsO, 

gives xany + ysinx = e» 

in. Linear equations of the first order^ and others re- 
ducible to that form. (Chap. II* Sect 5.) 

(1). dy -f ydx s axVx, is linear^ the integrating factor 
being e*; /. ye* = a/afie'dx; 

(2). dy — ^^ ydx z= xHx is linear^ the integrating 

X 

factor being —7* 

/. y =z cxe* — a:* — x. 

(3). dx + 2xdy =^ x'^j^dy. 

But - = t?, /. dv — 2t;rfy =; ---y^dy 

X 

is a linear equation^ whence 

4 — a: 



0? 



= 2(y»+y) + 4^are^. 



(4). ydy — ^(ii? = -' -ajrfo? 

becomes Ifaiear by putting y® = «> 

26 2f» , 

/. du udx = — — xaxy 

a a 

•••« = !r' = -3- + 2^ + <'«'-. 

(5). (a:« + ^<te4(a + a;)yrfy = 
becomes linear if we put ^ = m, and dividing by a + ar, 

# 

we get 

. 2udx ^ ^ xHx ^ 
"^ a+x"^ a+x* 
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(6). dx—xydy = a?yHy ; when - is put = v, gives a 
linear equation in r ; 

whence - = ^ . J" + c^. 

(7). dy — a!*rfy + ocydx = arfx is linear in y, and when 
divided by (1 — «*), gives the integral 

y z=z ax -{- c V^l — a^. 

The following equations are all to be done by similar 
means: 

(8). dy +ydx = xjf^dx ; put -^ = w. 

(9). ^^ - 2 (« + ay v9^) rfy = 0. 

(10). (1 — a^ydy + («y — a) <te = 0. 
(1 1). (ar« + y») flfcr + a;»y dy = 0. 
(12). % - (1 + xy) dx=0. 

(13). -7--(y« + Vi)fl^ = 0. 

(14). (y« — 0?) rfy + y^a: = 0. 

(15). -^ = . 

y X ay 

(16). dy ^by dx =: a sin OJcfe. 

IV. Homogeneous Equations^ and others which may 
be transformed so as to become homogeneous. (Chap. II. 
Sect. 4.) 



I 
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(1). 






Pitting ^ = z, and aegetatiag the rariaUes, we hare 



daf 



off dz , & . f dz de -. 

X - «(«• — 2) - ~ * « + * \z^.V2 (a-V^)J ' 



/. a? = C-T 




®* ' 



Ory=: ^^^2 



^c^-^a:< 



(2). 2i^d^ = V^dip + Vy^d^. 
Putting - = x^ and separating the variables 

^+77^— =0; 



1' 



v^ 



whence ^ = %/i - i^e^-^y' 

.«. dx ^dy ^ fdx ^\ 

^ ^* T"" y* ^^Vy "■ ar/ 



^ 



Put - = ;jr, and we get the equation 

1 — «J5 J . rff/ 

-= t-d^r = « -if , 

2*— 1 



I 



•;»+ l(3«-l)i 






n-l 



1 
or (x + y) («« - y«) * = -. 



(4). jrdj? — 2y<fa + ydy *: 0. 
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Put ^ -= z, and we get the equation 

dx , zdt _ -. 

-J + (2 - 1)2 - "' 

J? 

whence c (y — ^) = e '"' * 

(5). ydoo — ,rrfy = dx '^x^ -\- y*. 
Put ^ =s Zf and we get the equation 

^ Vl + 2* 

••• y + '^'oF^^ = c, 

which is reducible to a?' + 2cy — c* = 0. 

(6). (ay + y') rfi«? + iP'rfy = 0. 
Put ^ = a, and we find 

X 

dx dz f. 



• • 



(7). (6ar-9y + 3)rfy + (4a?-6y—10)£ir = 0. 
This equation belongs to the case in page 22, where 
na'=imh\ proceeding as there directed, we get 

where x = 6:r — 9y ; hence the integral is 

c(&r — 9y — 6)c«^ = 0. 

(8). (7a? + 5y + 3) flty + (28ir + 20y - 7) cb = 
is done by the same method as the last. 

The following are examples Y)f Riccati^s equation, pages 
22 and 23. 



(9). dy + (f-^)ds=0. 



V 



1 
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Here the exponent of x = — 4> wfat<^ is of the form 

s i when « = I. 

2«^ 1 

\ z 1 

Then assume y = ^, and a? = -, and transfonmng the 

equation^ and integrating, we shall obtain 

(10). rfy + (y« _ f^) dir = 0. 

The exponent of ar = — f comes under the form ^ « > 
therefcM^ assume ar =3: r~% y =^ -^ 3a't"'; 

which equation is of the same form as the previous exam{^; 
and integrating and substituting, we hare 

Ijf (I - 3o»*) + 3rf»«~*J 

V. Equations of degrees superior to the first, and ques- 
tions relating to singular solutions. (Chap. III. and IV.) ' 



This equation is of the form' a? = P, page 46 ; therefore, 
differentiating, 

.-. dy = pdx =: pcip^^^^t£tt^. 

Integrating this lasl> m should have to etiminate p between 
the equations (a) and 

c + y = |'~ -| ^rr? + 3 log, ip + VTT?); 

which would give the complete solution of the equation. 
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«■ @)'-'^® +'•='> 



gives ^ = d ± ^a^ — yS 



ar + - = c ± ' -^ 



and hence we have the two integrdis 

I s2L- 4 sin '2.); 

which^ combined^ becomes 

(3). ©■-(«.+ -H^)®- 

It is evident that the values of -M-^ obtained from this equa- 
tion, will be xyy a?', and j^; therefore, integrating with each 
of these values, we find the three integrals 

y = e 2 4- c, y = ^ + c,, y = + c^; 

I, 
therefore the general integral is 



«» 



(y^e2^c)Cy-^-O(y4-l^O = 0. 



,-. ,^-.^ o ^y 




dy ~x ± '/x^ 4- y« yrfy + arrfa; 

/. V^a?2 +^ = c 4- a?, or V^njTp = c^ — a:, 

which integrals are to be combined. 

/ 



1 
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1 -f ;;^ 
y = fpdx = px --fxdp*. 

From these two values for x and y, p being eliminated, 

we get 

y = ^^07 — a?2 — tan~' y^ 4- ^. 



(6> -i='/i+(iy'-i'-=^n:^ 



vi +p5 



This ffives x = " ^ ■ ^ 



dp 
and dy = ;)rfa^ = - ^-^;^=™^, 

.-. y = log. c + log, ( ~-^—) y 

.\ ey = c (x ■\- s/x^ — 1). 

« 

<')■ d)' + * (IT - ' = »■ ^«» 

^ p» ' p p" p 

and from these values of dr'and y, p is to be eliminated. 

The following equations come under what is called Clair 
aufs form, (page 44). 

gives, by difTerentiation^ 
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afid substituting the value of p, obtained from this equation, 
we find the singular solution 

To prove that this is a singular solution, resolve the given 
equation with respect to p, and we get 

p = -2"- + V ^ 4 - y> 

and if ( — ^| — j — «' be put for y, this gives 

07+1 1 

Pi = -2~ + ^^ 

in which the exponent of z is less than unity ; and, therefore, 
the solution obtained is a singular solution. 

The general solution is y = car + c — c^. 

may be put in the form 

therefore, to find a singular solution, we have 

a ^ 
ar + a — -^ == 0, 

P^ 
whence y = 2 ^/ax^^l^\ 

It may be easily shewn, as in the last example, that this is 
a singular solution. 

c^ 4- 1 
The complete solution is y = ca? + a • 

00). j'+^y =^i 

is equivalent to y = ji?.i? — a (p^ + 1) ; 
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X 



therefore^ differentiating p =. ^, and the singular solution is 
The general solution is y = ex — a (c' + 1). 



(U). , = .g^,/«.-„.(g' 






gives for singular solution 

a ^ 

Similarly the following examples may be solved : 
(12). y = ^ :r + y . n . 



3 



(13). (^-y)t = y+(«-^)(l) 

being divided by 1 + -^, gives y = pjf — . ^^ . 



VI. Particular forms of equations of superior orders* 
(Chap. V. Sect. 1). 

(1). (l + ^)g + «| = 0,or(l+^)|+a;, = 0. 

Integrating p = ^^^^-^^; 

_ c 

y - (l-a)(l +^)<»-'+'^" 



• • 



(I + xy 
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is equivalent to 

and here the second factor is the differential coefficient of the 
first ; 

.'. y -i^ x^ + ax =z Cx +. C. 



Put p = -p, and - = ««, and we gel tbe.equation 

CLX p 



P 

, udx . xdx 

du -4- 



a + X a + X* 

, 1 2a + 2x 

whence j^=.p=-^gj-^-^; 

:.y=^ tan-» - + log.Ci (ar« + c«). 

Its? ^27 

This gives rTT7== -1 ^^^ — ? =0, 

whence /, ^ = V^a— a? 4- c . • . . (a). 

Again, y = px —fxdp, 

ap . ^ ^ 

and p is to be eliminated by means of equation (a), 
integrated between the variables p and a:^ gives 

c'^x = p -\- v^r+^. 
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■ 

whence we may find p, and we have 
for the complete int^;ral. 

This give 1M rf^r = p»(A-Bp) ' 

and integrating this, we get 

which, being integrated, gives 

c 
A 



aar = — -7 e-^" + y + <?r 



Put y = e/*''*, and we have the equation 

whence w = tan (a? + c), and we have 

w = p^ ;r for the integral. 

^ cos {x + c) 

fl^ rfy d^ ^ 1 
^®)- *«'"SJ' d«« "" 1 + ^*' 
Transforming the equation so as to have x for the indepen- 
dent variable, as in page 58, Ex. 1, we get the equation 

dp _^ dx . 
1 J^f •" 1 + a?« ' 
/. tan-*p = tan-*ar + tan-*c. 



or p = •, " > 



,'. cy = — J? — 



c* + 1 , /I — ca? 



•'»^(4r> 
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VIL Linear equations oF orders superior ,tp the first. 

It has been found necessary to introduce so many examples 
of these equations in Chap. Y.^ that few will be required 
here. 

(»• s-*^=— • 

Proceeding by the general method^ we have to assume 

y = 06** + fte"**, 
where a and ft are functions of or to be determined. 

The integral is y = C,e** + C,e-^ + ^^. 

on assuming y = e^ gives for determining h the equation 
A«-4A + 13 = 0, /. A = 2±3^^=rr, 
.-. ff = ^.(Ci cos ar + Ca sin 3ar). 

gives two values of h each =: 2, 

therefore assume y = (a + bz)^'^, 
and, proceeding by the variation of parameters, we get 

(4). -^ + y + A cos »i:p + C cos wa? = 

^ ^ . . A cos wx 

givesy = C, cos ar + Cj sin x + 2_ i 

l&cosnx /A B \ 

-i — 5 i cos x[ -^ r 4- -o — T/* 

7i* — 1 \m^ — 1 72* — 1/ 

gives y = e3*(C, + CgH;) +4+2 + 8' 
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Suppose a and fi rootsof the equation 

A* + AA + B = ; then we find 

a — p 

or V = ce" + d.e''* + x". 

(7). g + A^jf = «'oo^*». . 

Assume y = a cos Ax + i sin kx, and, proceeding by flie 
variation of parameters, we have • • -. 

y a e, eos to + Cjsin *4* + ^i^/C co<f Ax^dx 

m 

COS KnX/ /* jf T • S V 

T jr— y e^ co» ^j^.»n kxMP, 

or y = Ci cos*;r + C,ski *4^ + Tl^ip' ^***^ *^ + cos Ar^ 



llie equation for determining A is A* + »iA + »« = 0; 
therefore^ if a, /3 be the roots of Ihis equation^ 

a — p 
i= C,c" + C^' - ~ eos »«. 






p 

comes under the case Q zt: —~ (page 83). 
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• AtagmiBg y =s six, the transformed equati<m k 

^ 4 ' 

Tranforming the e(|u|itioi] bo that 9 = tan"*^^ shall be the 
indqiei^leiit variable^ we g?(; 

.*. y 3 Cj cos© + C, sin 9, 
C. + Caa; 

VIII. Simultaneous equations,' 

^ \ (ix + 3y) rf« + rfy =3 0. 

Here we have a partieular case of the equations (1) and 
(2)> P^g^ 92; the equations for determining the values ci h 
and A are 

A = 5 + 4A:i Kk = 2 + 3A:; 
whence^ representing the two values of k by k, K^ and the two 
values of A by A, A', we find 

kxi^ K y^ 4, or .T- 1 ; A or A' =a 7 or 1 ; . 

C,c-« + 2Cc-« 2Ce^« - 2C,e-* 

. . ar == -1- g- i y = .— , g 1— ; 

and eliminating t, we should get a relati<m between x and y. 



(2). f(4^ + |)«fe+<^ = 

I (3y - x)dt -^ dy = 0. 



we obtain x = (V", — § (o); 
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These belong to the case in which the quadratic eqaation 
for h and k has equal roots ; 

■"2 
and substituting this value in the second of die givoi eqoa* 

tions^ we get the linear equation 

7 21 

and ^ is to be eliminated between the equations (a) and (/i). 

^ ^* \ (2* + 5y) A + rfy = 0. 

We shall find the values of it and A to be impoGsible ; 
*orA'=: - J ± i\^=l; Aor^=6±^=T; 

.-. * =^.|(C +C)«»< + (C-C')8in«} 

y = e-«.{c cos « — C rin < } . 
whence ^ is to be eliminated. 

.. r(44af + 49y) cfci? + Mz + 9rfy = a?flte 

^ \(34ar + 38y) rfa? + 3rf» + Idy = c'^ii?. 

These equations are of the form solved at page 94 ; and^ 
eliminating successively dy and dz, we get the equations 
(2ar + y) rfar + &r = {Ix — 9c^) rfa: "I 
(4ar + 5y) rfar + rfy = (4e* — 3a:) rfa: j' 
and our equation for determining the assumed quantity 03)^ 
is 

STk = /3* which gives /3 = 1 or — 4. 

Hence we find 

y = 4C,e-«' + C/-* + yc*-^* + % 

r. _«. ^ X 29 ^ 19 56 
« = CjC-** — C,e-* — y e* + _a? — -^. 
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(S) ( dg+(5z+if)dx=z 



dz + {5z +y) dx z::zj^dX 

e^dx. 



Here the equatian for determiniiig ^, is ^ = ^ P , 
which gives two equal values of ^y each equal to 1 ; 

/. 2r + y = Ce-*' + ^+y (a). 

Then taking the value of z from this equation^ substituting 
it in the second of the given equations, and integrating, we 
find 

e 4- Ca; , ^ Tea* ,^^ 

y= -153— + 25 + •§6 • ^^• 

We not unfrequently meet with simultaneous equatbns, 
each of which is integrable separately. 

dPx _ 
(6)- < « 

Integrating, we have 

d (f) 

and since ^ = , we get (by combining these equations 

\di) 
and integrating) a relation between x and y* 

These equations are both linear, and beiiig solved, will give 
two relations between the three quantities x, jf, t. 



m 

IX. Equations between lliree ▼ariablesof die first order 
andd^pree. 

First, Tdtal difl&rential equations. 

(1). dx + dy + dz + (3t + y -\- z) dz =zO 

dx +dy + ch ^ J ^ 
x + y-^-z 
••• (^ + y + ^) C = c. 

(2). ^^9f!fcfe + °^-^y=o 

^ ^ sfi z . 

may be pilt in tbe form 

azdx—axdz bydz^hzdy ^ 

, ax—by 

• • " — c 

z 

(3)* (fly — i^) rfiF + (c5; — ax) dy + (Jj? — cy) <fe = 

(4). (a!» + a;y + y") rfz + (y» + yz + s') <Ar 

+ Os« + <»« + a;^) d|y = 0. 

When z is considered constant, we have the equation 

^ + JiL , = 0, 

/r» + «? 4- a* ^ y« + y« + z* ' 

which gives ^-^.{tan-'^^ + tan-gl-i} = Z„ 

. xz + yz + xy ^t,„z ^z 
Zar" + xz + yz'-xy * 



Secondly. Partial differential equations. 
(5). «^ = a^. 
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Integrating^ on the ^nippositkm that y is conAant^ . 
log,«r == log,ar« + log,^y> •'• « = iK^-*y- 

dz x^ * - t/ ■ 

(7). ^ = ^^ "" ^ S^^^ z :=zn(X'^]) + er^i^y. 
/Q\ dz y 2 

The followiog are integmble by the method given in page 
120. 

The equations to integrate are 

xdy — ydaf p ; ccdz — ndx */x^ + y\ == ; 

therefore we may eliminate y from, the .^cond eqya<ip>i# by 
means of the integral y =: ax of the first, and we shall find 
for the integral of the proposed equation 

^t,dz dz dxz ' , iwf ■ ' 



(10). 



» - . • _ ♦ _ 

01)- y ^ +/P ^1 = *' •'• *-=^ (* + y)«-(«' -»'). 

(12). (a-a;)j|+(6-y)4 =c-« 

« — 6 . /x — a\ 

<^^>- ^-^=,-4:1^ gives^= e.+.'.^(z + y). 
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gives the integral log^ — j^^ — =♦^5j'^'^ 

•1^ d% dz • . . V 

(15). *-^S:"y^ = '^('^ + y + '^> 

gives zf^^ (x + y+ z)^e^(S) = ^fSV 



X« Partial differential equations not of the first degree. 

The example given at page 128 does not fully illustrate the 
method of solution ; in that particular case the equations (a) 
have enabled us to obtain p and q in explicit functions of x 
and y, and hence, after the proper substitutions, the actual 
integration of the equation 

dz = pdx + qdy 

has been eflbcted. B^t, generally, this will not be the case, 
as we shall find it impossible to solve the equation (2), page 
127, without the introduction of some arbitrary function 
involving />, which ftmction is to be eliminated by difierentia- 
tion after having assigned its form. The following examples 
will make this better understood. 

We shall represent ^ by p and -j-hj q throughout. 

(1). y = a?p + ;>*. 

Here the three equatbns (a) become 

(a? + 2p) dp + pdx = 



yx -f ^p) ap -f- pasp == u \ 

(i? + 2p) dy + dx =01.... (a). 
(;r + %>) rf^: — p*&? = i 



Af^mtmK' 161 

Dmding the first by the second we get ^ = jp, which gives 
the integral 

y-log,p = a; 

also, dy =2 ^. 
P 
Hence the equation dz — pclx — qdy = 

becomes dz -^pdx — (ar + p) dj» = 0, 
or fife — pdp — d.xp = ; 

/. « — ^ — p^ = 6 = i^a, 

orz -^ -pa? = 0(y - log^p) O). 

From this p may be eliminated when the arbitrary function 
is assigned, for differentiating with the respect to p, we have 

-*' (y ~ log,p) -x-p = (y). 

and if the form be assigned, that of tp' will be known, and the 
integral of the proposed equation will result from the elimi- 
nation of p between the equations (|3) and (y). 

(2). p« + 9« = L 

The first of equations (o), page 127, gives, in this case, 

pdp 

yr |__ 2 = 0> /. V 1 — p2 = constant, 

orp = a, and q = V^ 1 — a«. 
The equation dz — jorfa? — qdy = 
gives £fe -— adx — dy V^ 1 — a* = ; 
.'. z — ax -^1/ V^ 1 — a* = 4 = 



therefore, assigning the form 0, a may be eliminated between 
the two last equations. 

Y 



let 

(3). The eqiMtioo 1 4. j^ -K 9* = fli* (treatel in p^e 125 
}fy axKAber meffaod; may be solved bjr Ibe means employed in 
die last example ; it gives 

z -—ax — yVn^ — (jfi— I = ^ 






(4). -7 = iry*«y. 

The first and third of equations (a) become 

2rfz — |Kir = 0; 

2rfz 
then in the second term of the first of these put --=— for/»^and 

dx 

dividing by 2xZy 

dp . dx . 3dz ^ 

therefore, integrating, we have px z^ = a, 
and, therefore, g = —f-. 

Substituting these values in the equation dz —pdx — qdy 
r= 0, and integrating on the supposition that a is constant. 

From these equations a is to be eliminated, after having 
assigned the form 0. 

XI. Partial differential equations not of the first order. 
(Part II, Cliap. TIL Sect. 4). 



(I). -3— X ~ ''/• or -y^ ~ Tily 






" (fiz , 

2 2 4 

and «= ± ^ («+ 2|i + «r + ^y,z) + /(«, «)• 






and « = h ^ ^y + >/^. 



(5). 



The following examples belong tQ the general form 

r + S* + T^ + V = 0, 
the integration of which has been explained in pages 131-^133. 

(6). Let r + A« + B^ + C == ; the quantities A, P, C, 
being constant. 

The equation for determining the values of A is A* — Ak 
4- B s= ; and^ the^efore^ these values will be constant^ and 
may be represented by a and /3. 
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We then have the equation 

m {adp 4- Bdq + Cadx) + n (dy — ads) = 0; 
/. m = 0, « = 1 gives y — ox = F, 

m = 1, « = gives ap -\-Bq + Cax = G; 
therefore we have for one of the first integrals 

op 4- Bg + Caz = ^'(y — cur), 
and^ similarly^ for the other value of k we have 

/3p + By -h qSa? = T^' (y - ^0?). 
We may now find the complete primitive, either by integra- 
ting one of these first integrals by the method in page 120, or 
^ from the last two equations we may find p and q^ substitute in 
the equation 

dz = pdx + qdy ; 
and integrate. 

By either proceeding we shall find 

(7). r 4- 3« + 2^ = ox 
gives two values of Ar, viz. 1 and 2; and, corresponding to 
these, we find the two integrals 

P-^ 9--2- = ^'(y~2ar), 

and substituting the values of p and q, obtained from these in 
the equation dz = pdx + qdy, and integrating, we get 



ax 



2 



Z 



= -^ 4-/(y - 2a?) 4- ^ (y — '^). 

(8). r — a«^— ^ = 
gives A = ± a, and we have, with the first value of A, 
m. (adp — a^rfy — axy dx) 4- n (dy — actr) = 0, 
m = 0, w = 1 gives us y — aa: = F; 
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also, since dy = kdx^ we get 

fxydx = '^ — if^dyy 

and, similarly, with the second value of Ar, 

whence we find the complete primitive 

When we get but one value of k, and can only find one 
first integral, we must obtain the primitive by direct inte^ 
gration. 

(9). r + ^*+g« = a 

The equation for A: is ( i — 2Lj = 0; and hence there is 

only one value of A:, viz : 2^ 

x' 

This value gives the equation 

(f * + ^d?) + w (rfy-frf^ ) = 0, 

if w =0, and w = 1, we get * = t\ 

and proceeding with the values 9» = 1, » == 0^ we have 

for a first integral. 

Applying the general method, page 120, to this equation, 
we have to integrate 

rfy — - d^F = 0; and cfe — ^ ('-^ rfr = ; 



m 
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the first gives ?- = a, which being substituted in the second^ 

X 

we have, by integration, 

(10). r-^*+|% = 

gives but one value of A:, which is ~ ^, and we have the 
equation 

therefore^ for m = and » == 1^ we gel; gvi^ + /k^t = 0> 
or dz = 0; /• 2 = F. 

Again^ the system « = 0, wi = 1, gives 

qdp -^pdq = («), 

.-. £ = G = Aar 
? 

is one first integral of the given equation. 
To find the other, multiply the equation (a) by -^, an4 add 

^^-±-25^ = to the pr<Kiuct; 

q^ q 

This may bte integrated, on the supposition that z is con- 
stant, giving 

xp 

y + y = ^a, 

which is the required first integral, and eliminating 2 between 
the two, we have 



APPEND^IX. 167 

(11), There is a very simple method of integrating the 
equation t = «V, (treated in page 133) due to D* Member L 

We have dp = rdx+sdy; dq = sdcc+tdy = sdx+ah'dy. 

Then multiplying the first by a, we have, by addition and 
subtraction^ 

ddp + dg := (pr + s) (fi» + ady), 
adp — dq ^=z (or — s) (dx — a%), 
and since <he first sides of these are perfect differentials^ the 
second sides must be so also ; 

/. ap^q —fXx +ay); ap — q — F(x — ay), 

whence^ as before, integrating, we have 

« = ^(ar ^* ay) + i^(a? — ay). 

XII. PmUeliis which i^ve rise to differential equations. 

(1). To find a curve (convex to the axis) in which the 
radius of curvature is always equal to the normal. 

Since the curve is tp be convex to Ifee axis, the expression 
for the radius of curvature must be taken positive ; hence we 
get the equation 

dx 

and omitting common factors, and substituting dy for pdx, 

this becomes 

dy pdp . 

y l +p' 

.\ y =1 a \^1 ^p^; 

and solving the equation with respect to p, integrating again, 
and putting 6 for the second art)itrary constant, 

a? = ft + alog, (y + s/y^^a^) . 
is the equation to the required curve. 



1 
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(2). To find a curve in \frhich the distance from a given 
point to any point in the curve is always m times the length 
of the tangent. 

Consider the curve referred to the given point as pole, and 
we have the equation 

, dr ds , .dr ds „ 

••^=^^'^^*^= j:39'8eneraUy; 

.\^=zmde; 
r 

/. r = c€^ 

is the equation to the required curve. 

(3). To find a spiral, of which the area is always equal to 
the triangle contained by the tangent, the subtangent, and the 
radius vector. 

The conditions give the equation 

Then, difierentiating with respect to 0, we obtain the equation 

^dOf'^ \deJ ' 

da 
and assuming r = e/"^^ this is transformed into ;jA = w* , 

1 c 

which gives u = _^ ^ , and/ttrfO = log, ^ ^ , therefore the 

equation to the required curve is 

(4). To find a curve, such that the solid formed by its 

revolution about the axis of x shall have its centre of gravity 

distant from the origin by f of the whole axis, 

. fy^xdx 2 
we have - ^f „ , =3^; 
fyMx 3 
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therefore^ multiplying hy fif^dx, and difierentiating both sides^ 
we get 

.'. y2 _. c^^ 
Hence the required curve is a parabola. 

(5). An infinity of circles touch one another internally in 
the same point; it is required to determine a curve which 
shall cut all these circles at right angles. 

Let the point in which the circles touch one another be 
taken for the origin ; then if a be the radius of any one of the 
circles^ the equation to it will be 

y = ^2aa? — ar* (1), 

and i{ y = ^x be the equation to the required curve^ the 
tangent of the- angle which it makes with the circle will be 

*'^"" Tx 



• + *'«i 



and this is to equal infinity, 

and eliminating a from this equation^ by means of equation (1), 
we get the differential equation 

r _ 8^y _ dy 
^ - a:2 - y« - da?* 

y and x being now the co-ordinates of the required curve. 

which shews that the curve must be a circle with the same 
origin, and its axis perpendicular to the common axis of the 
circles touching each other. 
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(6). To find the bounding curve for a series of ellipses^ 
with coincident axes and equal areas. 

Let a and /3 be the } axes of any one of the ellipses ; then 
the last condition gives aj3 constant = fn\ suppose ; there- 
fore the equation to any one of the ellipses will be 

or V = y V — m V + m*x^ = 0. 
In this equation a is the variable parameter to be eliminated, 
therefore, differentiating, we have 

and substituting this value in the equation V = 0, 

wehaveary = -^. 

Hence the required curve is a hyperbola between iJie 
asymptotes with its centre in the centre of the ellipses. 



THB END. 
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